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Abstract
Given non-negative integers v,m, n, α, β, the Hamilton-Waterloo
problem asks for a factorization of the complete graph Kv into α Cm-
factors and β Cn-factors. Clearly, v odd, n,m ≥ 3, m | v, n | v and
α+ β = (v− 1)/2 are necessary conditions. To date results have only
been found for specific values of m and n. In this paper we show
that for any m and n the necessary conditions are sufficient when v
is a multiple of mn and v > mn, except possibly when β = 1 or
3, with five additional possible exceptions in (m,n, β). For the case
where v = mn we show sufficiency when β > (n+5)/2 except possibly
when (m,α) = (3, 2), (3, 4), with seven further possible exceptions in
(m,n, α, β). We also show that when n ≥ m ≥ 3 are odd integers, the
lexicographic product of Cm with the empty graph of order n has a
factorization into α Cm-factors and β Cn-factors for every 0 ≤ α ≤ n,
β = n − α, except possibly when α = 2, 4, β = 1, 3, with three
additional possible exceptions in (m,n, α).
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1
1 Introduction
We assume that the reader is familiar with the general concepts of graph
theory and design theory, and refer them to [17, 46]. In particular, a factor
of a graph G is a spanning subgraph of G; a 1-factor is a factor which is
1-regular and a 2-factor is a factor which is 2-regular and hence consists of
a collection of cycles. We denote cycles of length n by Cn, with consecutive
points (x0, x1 . . . , xn−1), and a collection of cycles by [n
a1
1 , . . . , n
as
s ], where
there are ai cycles of length ni. We denote the complete graph on n vertices
by Kn. By K
∗
n we mean the graph Kn when n is odd and Kn− I, where I is
a single 1-factor, when n is even.
A 2-factorization of a graph, G, is a partition of the edges of G into 2-
factors. It is well known that a regular graph has a 2-factorization if and only
if every vertex has even degree; see [41]. However, if we specify a particular
2-factor, F say, and ask for all the factors to be isomorphic to F the problem
becomes much harder. Indeed, if G ∼= K∗n, we have the Oberwolfach problem,
which is well known to be hard. For a fixed 2-factor F of K∗n, we denote the
Oberwolfach problem by OP(F ). More generally, given a graph G and a
collection of graphs H, an H-factor of G is a set of edge-disjoint subgraphs
of G, each isomorphic to a member of H, which between them cover every
point in G. An H-factorization of G is a set of edge-disjoint H-factors of G.
IfH consists of a single graph, H , we speak ofH-factors andH-factorizations
of G respectively.
A 2-factor is a Hamiltonian cycle if it contains only one cycle. We will use
the following classical result on Hamiltonian factorizations, originally due to
Walecki [35]; see also [17, Section VI.12].
Theorem 1.1. For any v ≥ 3 there exists a factorization of K∗v into Hamil-
tonian cycles.
We call a factor in which every component of the factor is isomorphic a
uniform factor. The case where F is uniform has also been solved [3, 4, 26].
Theorem 1.2. Let v and n be integers. There is a Cn-factorization of K
∗
v
if and only if n | v, except that there is no C3-factorization of K
∗
6 or K
∗
12.
It is known that the Oberwolfach problem has no solution when F ∈
{[32], [34], [4, 5], [32, 5]}. Otherwise, a solution is known for every case where
n ≤ 40 [19]. In the case when F is bipartite, and so contains only even
2
cycles, OP(F ) is solved [3, 9, 25]. OP(F ) is also solved in the case where
F has exactly two cycles [6, 15, 45]. In addition, cyclic solutions have also
been studied [12, 13, 15] and many other families are known [11, 39], but no
general solution is known. See [17, Section VI.12] for a survey.
We use the following notation from [16, 34] (which is adapted from [46,
p. 393]).
Definition 1.3. Given a graph G, G[n] is the lexicographic product of G with
the empty graph on n points. Specifically, the point set is V (G) × Zn and
(x, i)(y, j) ∈ E(G[n]) if and only if xy ∈ E(G), i, j ∈ Zn.
We note that G[m][n] ∼= G[mn].
The existence of 2-factorizations of other graphs has also been consid-
ered. In particular, Liu [33, 34] considered Cm-factorizations of the complete
multipartite graph and showed the following result.
Theorem 1.4 ([33]). There exists a Cm-factorization of Kt[n] if and only
if m | tn, (t − 1)n is even, further m is even when t = 2, and (m, t, n) 6∈
{(3, 3, 2), (3, 6, 2), (3, 3, 6), (6, 2, 6)}.
A well-known variant of the Oberwolfach problem is the Hamilton-Waterloo
problem. In this case we are given two specified 2-factors, F and F ′, and two
integers, α and β, and asked to factor a graph G into α factors isomorphic
to F and β factors isomorphic to F ′. We denote a solution to this problem
by HW(G;F, F ′;α, β). We denote by HWP(G;F, F ′) the set of (α, β) for
which a solution HW(G;F, F ′;α, β) exists. In the case where F and F ′ are
uniform, with cycle lengths m and n say, we refer to HW(G;m,n;α, β) and
HWP(G;m,n) as appropriate. Further, ifG = Kv, we refer to HW(v;m,n;α, β)
and HWP(v;m,n) respectively. We note the following necessary condition
for the case of uniform factors.
Theorem 1.5. Given odd integersm and n, in order for HW(mnt;m,n;α, β)
to exist, t must be odd and α + β = (mnt− 1)/2.
We note that when gcd(m,n) 6= 1, it is possible to have solutions where
the number of points, v, is not a multiple of mn, though we must have v odd,
m | v and n | v.
The first serious analysis of the Hamilton-Waterloo problem in the liter-
ature appeared in 2003 [1], but the problem was known well before then. It
is known that the following instances of the Hamilton-Waterloo problem do
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not exist.
HW(7; [3, 4], [7]; 2, 1), HW(9; [33], [4, 5]; 2, 2)
HW(9; [33], F ; 3, 1) for F ∈ {[4, 5], [3, 6], [9]} and
HW(15; [35], F ; 6, 1) for F ∈ {[32, 4, 5], [3, 5, 7], [53], [42, 7], [7, 8]}.
Every other instance of the Hamilton-Waterloo Problem for which the ob-
vious necessary conditions has a solution when the number of points v is
odd and v ≤ 17 [2, 22, 23]. In the case where v is even, there is no so-
lution to HW(K∗6 ; [3
2], F ; 2, 0). It is also known that there is no solution
to HW(K∗8 ; [3, 5], [4
2]; 2, 1) or HW(K∗8 ; [3, 5], [4
2]; 1, 2), but that there is a so-
lution in every other instance where the obvious necessary conditions are
satisfied and v ≤ 10, see [2, 17, Section VI.12.4].
In the bipartite case, where all the cycles in F and F ′ are of even length,
(r, r′) ∈ HWP(K∗v ;F, F
′) for all r, r′ > 1 [9]. When G is a regular complete
multipartite graph of even degree and F and F ′ are bipartite factors of G,
HWP(G;F, F ′) has been almost completely solved [10]. For the case of C3-
and C4-factors, HWP(K
∗
v , 3, 4) is almost completely solved [18]. Much recent
work has focused on the case in which one of the factors is a Hamiltonian
cycle [42]. For the even case, solutions can be found with 4-cycles and a
single factor of v-cycles in [29, 31, 37]. The case of Hamilton cycles and
triangle-factors, HWP(K∗v ; 3, v), has been considered in [20, 21, 27] for odd
v and [32] for even v, but still remains open.
It is clear that finding solutions of the Hamilton-Waterloo Problem for
uniform odd-cycle factors is challenging. Cyclic solutions for sparse fami-
lies can be found in [12, 14, 36]. A complete solution for the existence of
HW(v;m,n;α, β) in the cases (m,n) = (3, 5), (3, 15) and (5, 15) is given in
[1], except that (6, 1) 6∈ HWP(15; 3, 5) and the existence of HW(v; 3, 5; r, 1)
remains open for v > 15. A complete existence result for (m,n) = (3, 7)
is given in [30]. The case where (m,n) = (3, 9) was solved in [28], except
possibly when β = 1, this is extended to (m,n) = (3, 3x) in [5]. To date
these are the only cases known.
In this paper we consider the case of uniform odd factors in the Hamilton-
Waterloo problem. We prove the following theorem.
Theorem 1.6. If m and n are odd integers with n ≥ m ≥ 3, then (α, β) ∈
HWP(mnt;m,n) if and only if t is odd, α, β ≥ 0 and α + β = (mnt− 1)/2,
except possibly when:
• t > 1 and β = 1 or 3, or (m,n, β) = (5, 9, 5), (5, 9, 7), (7, 9, 5), (7, 9, 7),
(3, 13, 5) or;
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• t = 1 and β ∈ [1, . . . , n−3
2
] ∪
{
n+1
2
, n+5
2
}
, (m,α) = (3, 2), (3, 4), or
(m,n, α, β) = (3, 11, 6, 10), (3, 13, 8, 10), (5, 7, 9, 8), (5, 9, 13, 9), or (7, 9, 22, 9).
On the way, we also prove the following useful result on factorizations of
Cm[n].
Theorem 1.7. If n, m and α are odd integers with n ≥ m ≥ 3, 0 ≤ α ≤ n,
then (α, β) ∈ HWP(Cm[n];m,n), if and only if β = n − α, except possibly
when α = 2, 4, β = 1, 3, or (m,n, α) = (3, 11, 6), (3, 13, 8), (3, 15, 8).
In the next section we introduce some tools and provide some powerful
methods which we use in Section 3 where we prove Theorem 1.7. In Section 4
we prove the main result, Theorem 1.6.
2 Preliminaries
In this section we state some known results and develop the tools we will
need for the 2-factorizations. We use [a, b] to denote the set of integers from
a to b inclusive.
2.1 Langford and Skolem Sequences
We will make extensive use of Skolem and Langford sequences, see [17, Sec-
tion VI.53].
Definition 2.1 (Skolem and Langford sequence). Let d and ν be positive
integers, and let 1 ≤ k ≤ 2ν + 1. A k-extended Langford sequence of order ν
and defect d, is a sequence of ν integers (ℓ1, ℓ2, . . . , ℓν) such that
{ℓi, ℓi + i+ (d− 1) | i = 1, . . . , ν} = {1, 2, . . . , 2ν + 1} \ {k}.
An extended Langford sequence of order ν with k = 2ν+1 is simply referred
to as a Langford sequence, while if k = 2ν, the sequence is usually called a
hooked Langford sequence. When d = 1 and k = 2ν + 1 or 2ν, we obtain a
Skolem sequence or hooked Skolem sequence, respectively.
We state the following existence results for Skolem and Langford se-
quences.
Theorem 2.2 ([38, 44]).
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• A Skolem sequence of order ν exists if and only if ν ≡ 0, 1 (mod 4).
• A hooked Skolem sequence of order ν exists if and only if ν ≡ 2, 3
(mod 4).
Theorem 2.3 ([43]). A Langford sequence of order ν and defect d exists if
and only if
1. ν ≥ 2d− 1, and
2. ν ≡ 0, 1 (mod 4) and d is odd, or ν ≡ 0, 3 (mod 4) and d is even.
A hooked Langford sequence of order ν and defect d exists if and only if
1. ν(ν − 2d+ 1) + 2 ≥ 0, and
2. ν ≡ 2, 3 (mod 4) and d is odd, or ν ≡ 1, 2 (mod 4) and d is even.
We will frequently use the well known result that given a Langford se-
quence of order ν and defect d, L = (ℓ1, ℓ2, . . . , ℓν), then the ν triples
Ti = {ti1, ti2, ti3}, where ti1 = i + (d − 1), ti2 = ℓi + ν + (d − 1) and
ti3 = ℓi + i + ν + 2(d − 1), for i = 1, . . . , ν, satisfy the following proper-
ties:
1. {Ti,−Ti | i = 1, . . . , ν} is a partition of the set ±[d, d+ 3ν − 1];
2. ti1 + ti2 + ti3 = 0 for i = 1, 2, . . . , ν.
These triples are said to be induced by the Langford sequence. If we use a
hooked Langford sequence, {Ti,−Ti | i = 1, . . . , ν} partition the set ±[d, d+
3ν] \ {±(d+ 3ν − 1)} instead.
2.2 Factoring Cayley Graphs
We will make extensive use of 2-factorizations of Cm[n]. We take the point
set of Cm[n] to be Zm × Zn and denote the points by xi, where x ∈ Zm,
i ∈ Zn. When we are talking about an individual cycle we may reorder the
points so that the original m-cycle is (0, 1 . . . , m − 1). Given a set of cycle
factors, C, of Cm[n], and a set S ⊆ Zn we say that C covers S if for every
d ∈ S, the edges of the form xi(x+1)i+d appear in some cycles of C. We say
that C exactly covers S if every edge in C is of this form.
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We will make use of the notion of a Cayley graph on a group Γ. Given
S ⊆ Γ, the Cayley Graph cay(Γ, S) is a graph with vertex set G and edge set
{a, a + d | d ∈ S}. When Γ = Zn this graph is known as a circulant graph
and denoted 〈S〉n. We note that the edges generated by d ∈ S are the same
as those generated by −d ∈ −S, so that cay(Γ, S) = cay(Γ,±S), and that
the degree of each point is |S ∪ (−S)|. We will use the following Theorem
due to Bermond, Favaron, and Mahe´o, [7].
Theorem 2.4. [7] Every connected 4-regular Cayley graph on a finite Abelian
group has a Hamilton factorization.
We extend the notion of Cayley graphs to Cm[n]. Given an m-cycle
Cm = (0, 1 . . . , m − 1) with an orientation, which we take to be ascending,
and a set S ⊆ Zn we define the Cayley graph Cm[S] to be the graph with
point set Zm×Zn and edges ix(i+1)x+d, i ∈ Zm, x ∈ Zn and d ∈ S. We call
d a (mixed) difference. Note that Cm[S] = cay(Zm × Zn, {1} × S) and that
the degree of each point in this graph is 2|S|. A set of factors C of Cm[S] is
said to (exactly) cover Cm[S] if C (exactly) covers S.
In [4], Alspach, Schellenberg, Stinson and Wagner showed that there ex-
ists a Cp-factorization of Cm[p] when p is an odd prime. In fact, many of their
results hold for any odd integer. They define the notion of an i-projection,
which we also extend to a reverse i-projection.
Definition 2.5 ((reverse) i-projection). Let n and m be odd integers with
n ≥ m ≥ 3. Given a directed Hamiltonian cycle, H = (x0, x1, . . . , xn−1), of
Kn, the i-projection of H is the n-cycle in Cm[n] defined by
(ix0, (i+1)x1, . . . , (i+m−1)xm−1 , ixm , (i+1)xm+1, ixm+2 , (i+1)xm+3, . . . , (i+1)xn−1).
The reverse i-projection of H is the n cycle in Cm[n] defined by
(ix0, (i−1)x1 , . . . , (i−m+1)xm−1 , ixm , (i−1)xm+1, ixm+2 , (i−1)xm+3, . . . , (i−1)xn−1).
In [4] the following lemma is proved. The extension to the case of reverse
cycles is straightforward.
Lemma 2.6 ([4]). If H is a directed Hamiltonian cycle of Kn, then the i-
projections of H yield a Cn-factor of Cm[n], C say, and if the edge ix, (i+1)y
appears in C ∈ C, then the edges jx, (j + 1)y appear in some cycle of C for
every j ∈ Zm. Similarly, the reverse i-projections of H yield a Cn-factor of
Cm[n], C
′ say, and if the edge ix, (i − 1)y appears in C ∈ C
′, then the edges
jx, (j − 1)y appear in C
′ for every j ∈ Zm.
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From this we may conclude the following lemma.
Lemma 2.7. If 〈S〉n decomposes into t Hamiltonian factors, then there exist
2t Cn-factors which exactly cover Cm[±S].
Proof. Let the Hamiltonian factors of G be H1, . . . , Ht and choose an ori-
entation for each factor. For each factor we take the i-projection and the
reverse i-projection for 0 ≤ i < m and apply Lemma 2.6.
Lemma 2.8. Let n ≥ m ≥ 3 be odd integers and let 0 < d1, d2 < n. If
any linear combination of d1 and d2 is coprime to n, then there exist four
Cn-factors of Cm[n] which between them exactly cover the differences ±dj,
j = 1, 2.
Proof. If ad1+bd2 is coprime to n, for some a and b, then the group generated
by d1 and d2 is Zn and the the 4-regular circulant graph 〈 {d1, d2} 〉n is con-
nected. Thus by Theorem 2.4 〈 {d1, d2} 〉n has a Hamiltonian factorization.
Lemma 2.7 then gives the result.
In particular, we note that the conditions of Lemma 2.8 will be satisfied
whenever either d1, d2 or their difference d1 − d2 is coprime to n.
Lemma 2.9. Let n ≥ m ≥ 3 be odd integers and let 0 < d < n be coprime
to n. There exist two Cn-factors of Cm[n] which between them exactly cover
the differences ±d.
Proof. Create the 2-regular circulant graph of Kn using the difference d,
〈 {d} 〉n; this graph is a Hamiltonian cycle. Applying Lemma 2.7 gives the
result.
The proof of Theorem 5 of [4] shows the following result for b = 1. In
that theorem the result is only claimed for n prime, but it is straightforward
to see that it holds for any odd integer n. We note that, since n is odd, any
power of 2 will be coprime to n, though in practice we will use this theorem
with b = 1, except when explicitly noted otherwise.
Theorem 2.10 ([4]). If n ≥ m ≥ 3 are odd integers and b ∈ Zn is coprime
to n, then there exist five Cn-factors of Cm[n] which between them exactly
cover Cm[±{0, b, 2b}].
Proof. The case b = 1 is given in the proof of Theorem 5 of [4]. For b ≥ 1,
we note that multiplication by b is an automorphism of Zn.
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Theorem 2.11. Let T be a subset of Zn. If there exists a |T | × ℓ matrix
A = [aij ] with entries from T such that:
1. each row of A sums to 0,
2. each column of A is a permutation of T ,
then there exists a Cℓ-factorization of Cℓ[T ]. Moreover, if we also have that:
3. T is closed under taking negatives,
then there is a Cm-factorization of Cm[T ] for any m ≥ ℓ with m ≡ ℓ (mod 2).
Proof. For 1 ≤ i, h ≤ ℓ, we set si,h =
∑h
j=1 aij . Note that, by assumption,
si,ℓ = 0 for any i; also, si,1 = ai1 and si,h+1 − si,h = ai,h+1 for any i, h, where
it is understood that si,ℓ+1 = si,1 and ai,1 = ai,ℓ+1. For i = 1, 2, . . . , |T |, we
define the ℓ-cycles Ci as follows:
Ci = (1si1, 2si2, . . . , ℓsi,ℓ),
and we denote by Fi the Cℓ-factor we obtain by developing Ci on the sub-
scripts, namely, Fi = {Ci+ x | x ∈ Zn}, where Ci+ x is obtained from Ci by
replacing each vertex hk with hk+x.
We claim that F = {Fi | i = 1, 2, . . . , |T |} is a Cℓ-factorization of Cℓ[T ].
First recall that each edge of Cℓ[T ] has the form [hk, (h + 1)k+t] for some
(h, k) ∈ Zℓ×Zn and t ∈ T . Since, by assumption, any column of A = [aij ] is
a permutation of T , there is an integer i such that ai,h+1 = t for any t ∈ T .
Note that [hsi,h , (h + 1)si,h+1] ∈ Ci; also, si,h+1 = si,h + ai,h+1 = si,h + t.
Therefore, [hk, (h+ 1)k+t] ∈ Ci−si,h + k and the result follows.
In order to prove the second part we only need show that there exists a
|T | ×m matrix with entries in T satisfying conditions 1 and 2 for any m ≡ ℓ
(mod 2) and m ≥ ℓ. Let m = ℓ+2q and T = {t1, t2, . . . , t|T |}. We create the
matrix
A′ =


t1 −t1 . . . t1 −t1
t2 −t2 . . . t2 −t2
...
... . . .
...
...
t|T | −t|T | . . . t|T | −t|T |

 .
It is easy to check that the matrix [A A′] is a |T | × m matrix satisfying
conditions 1 and 2, and this completes the proof.
9
Theorem 2.12. Let n ≥ 3 be an odd integer and let S be a subset of Zn \{0}
which is closed under taking negatives. If there exists a partition of S into
subsets of odd sizes, T1,−T1, T2,−T2, . . . , Tu,−Tu, such that∑
t∈Ti
t = 0 for any i = 1, 2, . . . , u,
then there exists a Cm-factorization of Cm[S] for any odd m ≥ max{|T1|,
|T2|, . . . , |Tu|}.
Proof. For any i = 1, 2, . . . , u, let ℓi = |Ti| and Ti = {ti1, t12, . . . , ti,ℓi} and
create the matrix the 2ℓi × ℓi matrix defined as follows:
Ai =
[
Bi
−Bi
]
, where Bi =


ti1 ti2 ti3 . . . ti,ℓi−1 ti,ℓi
ti2 ti3 ti4 . . . ti,ℓi ti1
...
...
... . . .
...
...
ti,ℓi ti1 ti2 . . . ti,ℓi−2 ti,ℓi−1

 .
In other words, the block Bi is the matrix whose rows are obtained by cycli-
cally permuting the sequence of integers in Ti. Note that each row of Bi,
by assumption, sums to 0 and thus the same property is satisfied by Ai. In
addition, Ai is a matrix whose columns are permutations of Ti ∪ −Ti. There-
fore, Ai satisfies conditions 1, 2, and 3 of Lemma 2.11. Hence, there exists a
Cm-factorization of Cm[±Ti] for any m ≥ ℓi. Since Cm[S] is the edge-disjoint
union of the Cm[±Ti]’s, then the assertion follows.
3 Factoring Cm[n]
In this section we factor Cm[n] into Cm- and Cn-factors, i.e. we give a solution
to HW(Cm[n];m,n;α, β). We first note that a simple counting argument
yields the following necessary condition.
Theorem 3.1. Let n,m ≥ 3 be integers. If a HW(Cm[n];m,n;α, β) exists,
then α, β ≥ 0 and α + β = n.
To show sufficiency, we consider cases of α modulo 6. We will find the
following lemma useful.
Lemma 3.2. Let n ≥ m ≥ 3 be odd integers, let 0 ≤ w ≤ n−1
2
, and let
S ⊆ Zn. Then Cm[±S] has a factorization into 2|S| Cn-factors for
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1. S =
[
w, n−1
2
]
, or
2. S = {w}∪
[
w + 2, n−1
2
]
, except possibly when n = 2w+3 and n ≡ 0 ≡ w
(mod 3).
Proof. When S =
[
w, n−1
2
]
take consecutive pairs of integers from S, which
have difference 1, and apply Theorem 2.8 to generate four Cn-factors for
each pair. If |S| is odd, there is a leftover difference, n−1
2
, which is coprime
to n, so we may use Theorem 2.9 to create two more Cn-factors. When
S = {w} ∪
[
w + 2, n−1
2
]
and n > 2w + 3 we proceed as above, except that
the first pair is (w,w+2), which has difference 2, which is coprime to n since
n is odd. When n = 2w + 1 or 2w + 3, then S = {w} and our assumptions
ensure that w is coprime to n. We can then apply Theorem 2.9 to create two
Cn-factors on S.
Next we give a negative result which generalises a result of Odabasi and
Ozkan in [37]. This result shows that in general the methods used here will
not work for α = n− 1.
Theorem 3.3. Suppose that m is an odd integer and n is not a multiple of
m. Then (n− 1, 1) 6∈ HWP(Cm[n];m,n).
Proof. Suppose that such a factorization existed. Since m is odd, the cycles
of the n − 1 Cm-factors must use exactly one point from each part of the
Cm[n]. Thus, after removing the edges contained in the Cm-factors, for each
point xi, there are two remaining edges incident with xi which are of the form
((x−1)j , xi, ) and (xi, (x+1)j′). This means that each cycle of the Cn-factor
cannot reverse direction and must wind around the m parts, i.e. it must have
the form (0i1, 1i2 , 2i3, . . . , (m−1)im, 0im+1, 1im+2 , . . . , (m−1)i2m, . . .), but since
m ∤ n this is impossible.
We now consider the cases when α = 0 and α = n. Piotrowski [40]
has shown the following result for m ≥ 4. The case m = 3 is covered by
Theorem 1.4.
Theorem 3.4. There exists a Cm-factorization of Cm[n], i.e. (n, 0) ∈ HWP(Cm[n];m,n),
except when n = 2 and m is odd or (m,n) = (3, 6).
Theorem 3.5. If n ≥ m ≥ 3 are odd integers then there exists a Cn-
factorization of Cm[n], i.e. (0, n) ∈ HWP(Cm[n];m,n).
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Proof. If n = m = 3, this is Theorem 3.4. If n ≥ 5, use the five classes
from Theorem 2.10 to cover Cm[±{0, 1, 2}]. Use Lemma 3.2 to obtain a
Cn-factorization of Cm
[
±
[
3, n−1
2
]]
and the result follows.
3.1 Cases α ≡ 0, 5 (mod 6)
We first consider the case when α ≡ 0 (mod 6).
Lemma 3.6. If m and n are odd integers with n ≥ m ≥ 3, then (α, n−α) ∈
HWP(Cm[n];m,n) for every α ≡ 0 (mod 6) with 0 ≤ α ≤ n − 5, except
possibly when (m,n, α) = (3, 11, 6).
Proof. If α = 0, then the result is Theorem 3.5, so we need only consider the
case that 0 < α ≤ n− 5.
First we suppose that α > 24. When α ≡ 0, 6 (mod 24) there exists
a Langford sequence of order α/6 and defect 3 whenever α ≥ 30. The
triples induced by this sequence, together with their negatives, satisfy The-
orem 2.12 and so provide α Cm-factors covering Cm
[
±
[
3, α
2
+ 2
]]
. Sim-
ilarly, when α ≡ 12, 18 (mod 24) we use a hooked Langford sequence of
order α/6 and defect 3, which exists whenever α ≥ 30, to create triples
which together with their negatives satisfy Theorem 2.12 and so provide α
Cm-factors covering Cm
[
±
[
3, α
2
+ 3
]
\ {±(α
2
+ 2)}
]
. Take b = 1 in Theo-
rem 2.10, to get five Cn-factors on Cm[±{0, 1, 2}]. If α < n − 5, we now
factor Cm
[
±
[
α
2
+ 3, n−1
2
]]
or Cm
[{
±
(
α
2
+ 2
)}
∪ ±
[
α
2
+ 4, n−1
2
]]
as appro-
priate into Cn-factors by Lemma 3.2 with w =
α
2
+ 3 or α
2
+ 2, respectively.
For α = 6, 12, 18, 24, the table below gives triples which together with
their negatives satisfy Theorem 2.12 and a partition of the remaining integers
in [1, s] which satisfy Theorem 2.8. The remaining Cn-factors on [s+ 1,
n−1
2
]
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can be obtained by Lemma 3.2.
α Triples n s Partition
6 {3, 4, 6} 13 6 (5)
6 {3, 4,−7} ≥ 15 7 (5, 6)
12 {4, 6, 7}, {3, 5,−8} 17 8 ∅
12 {4, 6, 9}, {3, 5,−8} 19 9 (7)
12 {4, 6,−10}, {3, 5,−8} ≥ 21 10 (7, 9)
18 {3, 6,−9}, {4, 7,−11}, {5, 8, 10} 23 11 ∅
18 {3, 10, 12}, {4, 5,−9}, {6, 8, 11} 25 12 (7)
18 {3, 6,−9}, {4, 7,−11}, {5, 8,−13} ≥ 27 13 (10, 12)
24 {4, 5,−9}, {6, 11, 12}, {7, 8, 14}, {3, 10,−13} 29 14 ∅
24 {4, 5,−9}, {6, 11, 14}, {7, 8,−15}, {3, 10,−13} 31 15 (12)
24 {4, 5,−9}, {6, 11, 16}, {7, 8,−15}, {3, 10,−13} 33 16 (12, 14)
24 {4, 5,−9}, {6, 11,−17}, {7, 8,−15}, {3, 10,−13} ≥ 33 17 (12, 14, 16)
When n = 11, so necessarily α = 6, and m > 3, we take b = 1 in
Theorem 2.10 to create five Cn-factors and create the Cm-factors by using
matrix of the form A =
[
B
−B
]
in Theorem 2.11, where B is given below.
B =

 3 4 3 −4 54 3 −4 5 3
5 5 5 3 4

 .
Lemma 3.7. If n ≥ m ≥ 3 are odd integers, then (α, n−α) ∈ HWP(Cm[n];m,n)
for every α ≡ 5 (mod 6) with 0 ≤ α ≤ n.
Proof. If n = α = 11, then the result follows by Theorem 3.4. In the other
cases, we have that (α− 5, n− α+ 5) ∈ HWP (Cm[n];m,n) by the previous
Lemma. The proof of that lemma makes use of 5 Cn-factors constructed
on Cm[±{0, 1, 2}]. We can replace them with 5 Cm-factors we obtain by
Theorem 2.11 through the matrix A given below:
A =


0 1 −1
1 −2 1
−1 −1 2
2 0 −2
−2 2 0

 .
It then follows that (α, n− α) ∈ HWP (Cm[n];m,n).
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3.2 Cases α ≡ 1, 3 (mod 6)
Lemma 3.8. If m and n are odd integers with n ≥ m ≥ 3, then (α, n−α) ∈
HWP(Cm[n];m,n) for every α ≡ 1 (mod 6) with 0 ≤ α ≤ n.
Proof. We proceed by defining a set S ⊆ Zn \ {0} which can be covered by a
set of triples from a Skolem or Langford sequence, and apply Theorem 2.12
to get Cm-factors of C[S]. We then define S
∗ to be the complement of S in
Zn \ {0} and partition C[S
∗] into Cn-factors using Lemmas 2.8 and 2.9. We
note that the Cm-factor, F , given below exactly covers Cm[{0}], so we only
need to find α− 1 Cm-factors.
F = {(0i, 1i, . . . , (m− 2)i, (m− 1)i) | 0 ≤ i ≤ n}.
We first deal with the case where α < n− 2.
When u ≡ 0, 1 (mod 4) we use a Skolem sequence of order u, which exists
by Theorem 2.2, to partition the set S = ±[1, 3u] into triples {t1, t2, t3} such
that t1 + t2 + t3 = 0. When u ≡ 2, 3 (mod 4) we use a hooked Skolem
sequence of order u, which exists by Theorem 2.2, to partition the set S =
±[1, 3u−1]∪±{3u+1} into triples t1, t2, t3 such that t1+ t2+ t3 = 0. In each
case, there is a Cm-factorization of Cm[S] with α−1 factors by Theorem 2.12.
The complement of S in Zn \ {0} satisfies the conditions of Lemma 3.2 and
so can be factored into Cn-factors.
We now consider the case when α = n − 2. Note that in this case,
n = 6u+ 3 ≡ 3 (mod 6).
If u ≡ 0, 1 (mod 4), use S = ±[1, 3u] as above and note that 3u+1 = n−1
2
.
We apply Lemma 2.9 to create two Cn-factors using this difference.
If u ≡ 3 (mod 4) we instead partition S = ±[2, 3u + 1]. Note that in
this case u ≥ 3, so a Langford sequence of order u and defect 2 exists by
Theorem 2.3 and we may use Theorem 2.12 to create the Cm-factors. The
remaining difference is 1 and we apply Lemma 2.9 to create 2 Cn-factors
using this difference.
If u ≡ 2 (mod 4) we instead partition S = ±[2, 3u] ∪ ±{3u+ 2} using a
hooked Langford sequence of order u and defect 2, which exists when u ≥ 2
by Theorem 2.3, and apply Theorem 2.12 to create the Cm-factors. Note that
3u + 2 = n+1
2
≡ −
(
n−1
2
)
≡ −(3u + 1) (mod n) and so S = ±[2, n−1
2
]. The
remaining difference is 1 and we apply Lemma 2.9 to create two Cn-factors
using this difference.
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Lemma 3.9. If m and n are odd integers with n ≥ m ≥ 3, then (α, n−α) ∈
HWP(Cm[n];m,n) for every α ≡ 3 (mod 6) with 0 ≤ α ≤ n.
Proof. We write α = 6u+ 3 and note that if α = n this is Lemma 3.4, so we
may assume 0 < α < n. When u ≡ 0, 1 (mod 4) we use a Skolem sequence
of order u, which exists by Theorem 2.2, to partition the set S = ±[1, 3u]
into triples {t1, t2, t3} such that t1 + t2 + t3 = 0. When u ≡ 2, 3 (mod 4) we
use a hooked Skolem sequence of order u, which exists by Theorem 2.2, to
partition the set S = ±[1, 3u − 1] ∪ ±{3u + 1} into triples {t1, t2, t3} such
that t1 + t2 + t3 = 0. In each case, there is a Cm-factorization of Cm[S] with
α− 3 factors by Theorem 2.12. Let
d =
{
3u+ 1 when u ≡ 0, 1 (mod 4)
3u when u ≡ 2, 3 (mod 4)
and A =

 d −d 00 d −d
−d 0 d

 .
A satisfies all of the properties of Theorem 2.11, and so gives a Cm-factorization
of Cm[±{0, d}] into three Cm-factors.
We use the remaining differences, S∗ = ±
[
3u+ 2, n−1
2
]
, to create Cn-
factors by Lemma 3.2.
3.3 Case α ≡ 2 (mod 6)
Let n ≥ m ≥ 3 be odd. Given positive integers a, b, and u, we define
Ua,b = {a, 2a, 3a, 4a} ∪ {b, 2b} and Su,a,b = [1, u] \ Ua,b. Also, we define the
matrix Aa =
[
Ba
−Ba
]
, where Ba is defined as
Ba = a


1 3 −4
2 1 −3
3 −4 1
4 −2 −2

 .
Lemma 3.10. Let n ≥ m ≥ 3 be odd integers, and let α ≤ n−5 be a positive
integer with α ≡ 2 (mod 6). Suppose that there exist positive integers a and
b, with b coprime to n, so that
1. Ua,b ⊆ [1, (α + 4)/2], and
2. there exist triples ±Ti, 1 ≤ i ≤ (α − 8)/6, satisfying the conditions of
Theorem 2.12 on the set ±S(α+4)/2,a,b,
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Then (α, n− α) ∈ HWP(Cm[n];m,n).
Proof. Let u = (α+4)/2. Note that the elements of ±Ua,b are all distinct in
Zn by condition 1. Hence, Aa satisfies the assumptions of Theorem 2.11, and
so there are eight Cm-factors covering Cm[{±a, ±2a,±3a,±4a}]. Further-
more, b is coprime to n, so b satisfies the conditions of Theorem 2.10 and there
are five Cn-factors covering Cm[{0,±b,±2b}]. In view of condition 2, there
are α − 8 Cm-factors covering Cm[Su,a,b]. Between them this exactly covers
Cm[S], where S = ±[0, u]. The remaining differences are S
∗ = ±
[
u+ 1, n−1
2
]
and so Cm[S
∗] can be factored into Cn-factors by Lemma 3.2.
Lemma 3.11. If n and m are odd integers with n ≥ m ≥ 3, α ≡ 2 (mod 6),
α ≥ 8 and n ≥ α + 5, then (α, n− α) ∈ HWP(Cm[n], m, n), except possibly
when (m,n, α) = (3, 13, 8), (3, 15, 8).
Proof. We first assume that α ≥ 224 and set u = (α + 4)/2 ≥ 114. We
consider the cases n = α + 5 and n ≥ α + 7 separately.
If n = α + 5, we take a = 3, b = 4 in Lemma 3.10. We now obtain
the required triples on ±Su,3,4 = ±[13, u] ∪ ±{1, 2, 5, 7, 10, 11}. First take
T1 = {2, 5,−7} and T2 = {1, 10,−11}. Now, let ν = (u − 12)/3 ≥ 34, and
take a (hooked) Langford sequence of order ν and defect 13, which exists by
Theorem 2.3, to partition the differences ±[13, u] into triples satisfying the
conditions of Theorem 2.12 and we are done.
Now, let n ≥ α + 7 and set ν = (u − 15)/3 ≥ 33. Using b = 8 in
Theorem 2.10 gives five Cn-factors on Cm[±{0, 8, 16}]. Moreover, A3 satisfies
the conditions of Theorem 2.11 to give eight Cm-factors on Cm[±{3, 6, 9, 12}].
By Theorem 2.12, we obtain the remaining Cm-factors by partitioning the
set S∪±{1, 4, 5, 7, 10, 11, 13, 14, 15} into triples where either S = ±[17, u+1]
or ±[17, u + 2] \ {u + 1} according to whether ν ≡ 0, 1 (mod 4) or ν ≡ 2, 3
(mod 4). First take T1 = {1, 13,−14}, T2 = {4, 7,−11} and T3 = {5, 10, 15}.
It remains to find triples which partition S.
If ν ≡ 0, 1 (mod 4) we take a Langford sequence of order ν and defect 17,
which exists by Theorem 2.3, to partition the differences S = ±[17, u+1] into
triples satisfying the conditions of Theorem 2.12. In this case we create two
Cn-factors on differences ±2 using Theorem 2.9 and create the remaining
n − α − 7 Cn-factors by applying Lemma 3.2 to the remaining differences
±[u+ 2, (n− 1)/2].
If ν ≡ 2, 3 (mod 4) we take a hooked Langford sequence of order ν and
defect 17, which exists by Theorem 2.3, to partition the differences S =
16
±[17, u+2]\{±(u+1)} into triples satisfying the conditions of Theorem 2.12.
In this case, if n = α+7, to create the remaining 2 Cn-factors we may apply
Lemma 2.9 to the differences ±2. If n > α + 7, we create the Cn-factors by
applying Lemma 2.8 to the pair (2, u + 1) and applying Lemma 3.2 to the
remaining differences ±[u+ 3, (n− 1)/2].
Next we consider the case where α = 8. First, we use b = 1 in Theo-
rem 2.10 to create five Cn-factors on Cm[0,±1,±2]. When n ≥ 17, n 6= 21,
A3 satisfies the conditions of Theorem 2.11. The absolute value of the ele-
ments of A3 and the remaining differences are given in the table below. This
table also shows how to partition the remaining differences into pairs whose
difference is coprime to n and possibly a leftover value that is coprime to n
and so Theorems 2.8 and 2.9 apply.
n Elements of A3 Remaining Differences
17 3, 6, 8, 5 (4, 7)
19 3, 6, 9, 7 (4), (5, 8)
23 3, 6, 9, 11 (4), (5, 7), (8, 10)
≥ 25 3, 6, 9, 12 (4, 5), (7, 8), (10, 11), (13, 14), . . . ,
(
n−3
2
, n−1
2
)
or
(4, 5), (7, 8), (10, 11), (13, 14), . . . ,
(
n−5
2
, n−3
2
)
,
(
n−1
2
)
When n = 21, A4 satisfies the conditions of Theorem 2.11, and the remaining
differences can be paired as (3, 7) and (6, 10). When m > 3, and n = 13 or
15 we use the matrices of the form A =
[
B
−B
]
in Theorem 2.11, where B
is given below.
B =


3 −5 4 −6 4
4 −3 −5 −3 −6
5 6 6 4 5
6 −4 3 5 3

 ,
n = 13
B =


3 −7 7 −6 3
5 3 −6 7 6
6 −5 −3 −5 7
7 6 −5 −3 −5

 .
n = 15
If n = 13, we are done. When n = 15, the remaining differences are ±4
which are coprime to n, so we can apply Theorem 2.9 to form two Cn-factors
on Cm[±4].
When α = 14, n ≥ 25, using b = 1 in Theorem 2.10 gives five Cn-factors
on Cm[±{0, 1, 2}]. Moreover, A3 satisfies the conditions of Theorem 2.11 to
give eight Cm-factors on Cm[±{3, 6, 9, 12}], and the triple T1 = {4, 10,−14}
can be used in Theorem 2.12 to give six further Cm-factors. The following
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table shows how to partition the remaining differences in [1, . . . , n−1
2
] into
pairs with difference relatively prime to n and singletons relatively prime
to n; applying Lemmas 2.8 and 2.9 give the remaining Cn-factors. When
n ≥ 31, the differences in [16, n−1
2
] can be partitioned by Lemma 3.2.
n Elements of A4 and T1 Remaining differences
25 3, 6, 9, 12, 4, 10, 11 (5, 7), (8)
27 3, 6, 9, 12, 4, 10, 13 (5)(8), (7, 11)
29 3, 6, 9, 12, 4, 10, 14 (5, 7), (8, 11), (13)
≥ 31 3, 6, 9, 12, 4, 10, 14 (5, 7), (8, 11), (13, 15), [16, n−1
2
]
For n = 19, 21 and 23, we use the matrices of the form A =
[
B
−B
]
in
Theorem 2.11, where B is given below.
B =


3 6 −9
4 4 −8
5 −8 3
6 9 4
7 7 5
8 5 6
9 3 7


,
n = 19
B =


3 3 −6
4 −7 3
5 8 8
6 6 9
7 9 5
8 −4 −4
9 5 7


,
n = 21
B =


−4 11 −7
8 4 11
11 −7 −4
7 8 8
3 6 −9
6 −9 3
−9 3 6


.
n = 23
Take b = 1 in Theorem 2.10 to form five Cn-factors on Cm[±{0, 1, 2}]. If
n = 21, two further Cn-factors arise by applying Theorem 2.9 on differences
±10. If n = 23, four further Cn-factors arise by applying Theorem 2.9 on
differences ±5 and ±10.
When α = 20, take a = 3, b = 4, in Lemma 3.10 together with the triples
T1 = {2, 5,−7}, T2 = {1, 10,−11}.
When α = 26, n > 31, form the Cm-factors by using A3 in Theo-
rem 2.11 together with the triples T1 = {1, 13,−14}, T2 = {4, 7,−11},
T3 = {5, 10,−15} in Theorem 2.12. Taking b = 8 in Theorem 2.10 gives
five Cn-factors and the differences ±2 give rise to two more Cn-factors by
Theorem 2.9. The remaining differences ±[17, . . . , n−1
2
] can be used to form
Cn-factors by Lemma 3.2. When n = 31, take a = 4 and b = 7 along
with the triples T1 = {1, 5,−6}, T2 = {2, 9,−11} and T3 = {3, 10,−13} in
Lemma 3.10.
For the cases 26 < α < 224, Appendix A gives values of a and b and
(α− 8)/6 triples which satisfy the conditions of Lemma 3.10.
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3.4 Case α ≡ 4 (mod 6)
We proceed similarly to the case α ≡ 2 (mod 6). Let n ≥ m ≥ 3 be odd.
Given positive integers a, b and u, we define U ′a,b = {0, a, 2a, 4a, 5a, 6a, b, 2b}
and S ′u,a,b = [0, u] \ U
′
a,b. Also, we define the matrix A
′
a =
[
B′a
−B′a
]
, where
B′a is defined as
B′a = a


1 −5 4
2 4 −6
−4 2 2
5 −6 1
−6 1 5

 .
Lemma 3.12. Let n ≥ m ≥ 3 be odd integers and let α ≤ n−5 be a positive
integer with α ≡ 4 (mod 6). Suppose that there exist positive integers a and
b, with b coprime to n, so that
1. U ′a,b ⊆ [1, (α + 4)/2], and
2. there exist triples ±Ti, 1 ≤ i ≤ (α− 10)/6, satisfying the conditions of
Theorem 2.12 on the set ±S ′(α+4)/2,a,b,
then (α, n− α) ∈ HWP(Cm[n];m,n).
Proof. The proof is similar to the proof of Lemma 3.10, except that we use
A′a, U
′
a and S
′
u,a,b in place of Aa, Ua and Su,a,b.
Lemma 3.13. If m and n are odd integers with n ≥ m ≥ 3, α ≡ 4 (mod 6),
α > 4 and n ≥ α + 5, then (α, n− α) ∈ HWP(Cm[n], m, n).
Proof. We first deal with the case where α ≥ 268. Let u = (α + 4)/2 and
ν = (u− 19)/3 and take a = 3 and b = 8 in Lemma 3.12, we now obtain the
required triples on S ′u,3,8. First take T1 = {1, 10,−11}, T2 = {4, 13,−17},
T3 = {2, 7,−9}, T4 = {5, 14,−19}. It remains to find triples which partition
[20, u].
If ν ≡ 0, 3 (mod 4), we take a Langford sequence of order ν and defect
20, which exists whenever ν ≥ 39 (α ≥ 268), to partition the differences
S = ±[20, u] into triples satisfying the conditions of Theorem 2.12 and we
are done. Otherwise, if ν ≡ 1, 2 (mod 4) we take a hooked Langford sequence
of order ν and defect 20, which exists whenever ν ≥ 39 (α ≥ 268), to partition
the differences S = ±[20, u+ 1] \ {±u} into triples satisfying the conditions
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of Theorem 2.12. We note that when n = 2u+ 3, so n = α + 7, since α ≡ 4
(mod 6), u ≡ 1 (mod 3), and so we can apply Lemma 3.2 to S to obtain the
Cn-factors.
For the cases 28 < α < 268, Appendix B gives values of a and b and
(α− 10)/6 triples which satisfy the conditions of Lemma 3.12. For the cases
10 ≤ α ≤ 28, in most cases we proceed similarly to Lemma 3.12 and find
values for a and b, with b coprime to n, so that the elements of U ′a,b are
distinct, and (α− 10)/6 triples satisfying the conditions of Theorem 2.12 on
a set disjoint from U ′a,b. It then remains to show that the remaining differences
can be partitioned into pairs and singletons satisfying Theorems 2.8 and 2.9
respectively.
When 10 ≤ α ≤ 28 and n > 37, we take a = 3, b = 8. The differences
from [20, n−1
2
] satisfy the conditions of Lemma 3.2 and so can be used to create
Cn-factors. The required triples and a partition of the leftover differences in
[1, 19] into pairs whose difference is coprime to n and singletons coprime to
n are given in the table below.
α Triples Leftover Differences
10 − (1, 2), (4, 5), (7, 9), (10, 11), (13, 14), (17, 19)
16 {4, 13,−17} (2), (1, 5), (7, 9), (10, 14), (11, 19)
22 {4, 13,−17}, {5, 14,−19} (1, 2), (7, 9), (10, 11)
28 {4, 13,−17}, {5, 14,−19}, (1), (10, 11)
{2, 7,−9}
We now consider the cases where 10 ≤ α ≤ 28 and α+5 ≤ n ≤ 37. First,
when α = 10 and n = 15, 17 or 21, then the following matrices can be used
to form ten Cm-factors by Theorem 2.11.

3 5 7
4 6 5
5 7 3
6 3 6
7 4 4




3 3 −6
4 4 −8
5 8 4
6 6 5
8 −5 −3




3 5 −8
4 −8 4
5 4 −9
8 −3 −5
9 9 3

 .
n = 15 n = 17 n = 21
Taking b = 1 in Theorem 2.10 gives five Cn-factors on Cm[±{0, 1, 2}]. If
n = 15, we are done. If n = 17, the remaining difference is 7, and Lemma 2.9
gives two Cn-factors on Cm[±{7}]. If n = 21, the remaining differences are 6,
7 and 10; Lemma 2.8 yields four Cn-factors on Cm[±{6, 7}] and Lemma 2.9
give two Cn-factors on Cm[±{10}].
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If α = 10 and n = 19 or 23 ≤ n ≤ 37, take a = 1 and b = 8 to form
ten Cm-factors and six Cn-factors with differences in ±U
′
a,b as in the proof of
Lemma 3.12. The table below gives a partition of the remaining differences
into pairs with difference coprime to n and singletons coprime to n.
α = 10
n Leftover Differences
19 (7, 9)
23 (3, 9), (10, 11)
25 (3, 7), (10, 11), (12)
27 (3, 7), (9, 10), (12, 13)
29 (3, 7), (9, 10), (11), (12, 14)
31 (3, 7), (9, 10), (11, 12), (13, 14)
33 (3, 7), (9, 11), (10), (12, 13), (14, 15)
35 (3, 7), (9, 10), (11, 12), (13, 14), (15, 17)
37 (3, 7), (9, 10), (11, 12), (13, 14), (15, 17), (18)
When α = 16 and n = 21, we use a matrix of the form A =
[
B
−B
]
in
Theorem 2.11, where
B =


3 4 −7
4 8 9
5 6 10
6 7 8
7 10 4
8 −3 −5
9 9 3
10 5 6


.
For α = 16 and 23 ≤ n ≤ 37, take a = 1 and b = 8 to factor Cm[±U
′
a,b]
into ten Cm-factors and five Cn-factors as in the proof of Lemma 3.12. The
table below gives (α − 10)/6 = 1 triple of differences which is used to form
six further Cm-factors, and a partition of the leftover differences to form
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Cn-factors for each value of n.
α = 16
n Triples Leftover Differences
23 {3, 9, 11} (10)
25 {3, 7,−10} (11, 12)
27 {3, 9,−12} (7), (10), (13)
29 {3, 9,−12} (7, 11), (10, 14)
31 {3, 7,−10} (9, 11), (12, 13), (14)
33 {3, 7,−10} (9, 11), (12, 13), (14, 15)
35 {3, 7,−10} (9, 11)(12, 13)(14, 15), (17)
37 {3, 7,−10} (9, 11)(12, 13)(14, 15)(17, 18)
When α = 22 and n = 27, we construct five Cn-factors by taking b = 8
in Theorem 2.10. We construct twelve Cm-factors by taking the triples T1 =
{6, 7,−13}, T2 = {5, 10, 12} in Theorem 2.12 and a further ten Cm-factors
using a matrix of the form A =
[
B
−B
]
in Theorem 2.11, where
B =


1 3 −4
2 1 −3
3 −4 1
4 −2 −2
9 9 9

 .
For α = 22 and 29 ≤ n ≤ 37, take a = 1 and b = 8 factor Cm[±U
′
a,b]
into ten Cm-factors and six Cn-factors as in the proof of Lemma 3.12. The
table below gives (α−10)/6 = 2 triples of differences which are used to form
twelve further Cm-factors, and a partition of the leftover differences to form
Cn-factors.
α = 22
n Triples Leftover Differences
29 {7, 10, 12}, {3, 11,−14} (9)
31 {3, 9,−12}, {7, 10, 14} (11, 13)
33 {3, 12,−15}, {9, 11, 13} (7), (10, 14)
35 {3, 7,−10}, {9, 12, 14} (11, 13), (15, 17)
37 {3, 7,−10}, {11, 12, 14} (9, 13)(15, 17), (18)
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Finally, for α = 28 and 33 ≤ n ≤ 37, the following table gives the values
of a and b to factor Cm[±U
′
a,b] as in Lemma 3.12, (α − 10)/6 = 3 triples of
differences which are used to form 18 further Cm-factors, and a partition of
the leftover differences to form further Cn-factors.
α = 28
n a b Triples Leftover Differences
33 2 13 {1, 14,−15}, {5, 11,−16}, {3, 6,−9} −
35 2 7 {1, 5,−6}, {3, 13,−16}, {9, 11, 15} (17)
37 1 8 {3, 7,−10}, {11, 12, 14}, {9, 13, 15} (17, 18)
The results of this section are summarized in Theorem 1.7, which we
restate below.
Theorem 1.7. If n, m and α are odd integers with n ≥ m ≥ 3, 0 ≤ α ≤ n,
then (α, β) ∈ HWP(Cm[n];m,n), if and only if β = n − α, except possibly
when α = 2, 4, β = 1, 3, or (m,n, α) = (3, 11, 6), (3, 13, 8), (3, 15, 8).
4 Main Theorem
In this section we prove the main result. We first prove a weaker result in
the case when v = mn and then prove the main result for v > mn.
Theorem 4.1. If m and n are odd integers with n ≥ m ≥ 3, then (α, β) ∈
HWP(mn;m,n) if and only if α+β = (mn−1)/2, except possibly when β ∈
[1, (n−3)/2]∪{(n+1)/2, (n+5)/2}, (m,α) = (3, 2), (3, 4), or (m,n, α, β) =
(3, 11, 6, 10), (3, 13, 8, 10), (5, 7, 9, 8), (5, 9, 11, 11), (5, 9, 13, 9), (7, 9, 20, 11),
(7, 9, 22, 9).
Proof. We first note that the condition that α+β = (mn−1)/2 is necessary
by Theorem 1.5. When m = n, this is equivalent to the uniform Oberwolfach
problem and is covered by Theorem 1.2; we thus assume that n > m. The
case (m,n) = (3, 15) is solved in [1], except when β = 1, so we may assume
(m,n) 6= (3, 15).
By Theorem 1.1, there is a Cm-factorization of Km with r = (m − 1)/2
Cm-factors. Expand each point of this factorization by n to get a Cm[n]-
factorization of Km[n] with r Cm[n]-factors. This design has m uncovered
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holes of size n; fill each of these holes of size n with a Hamiltonian factoriza-
tion of Kn, to get (n− 1)/2 Cn-factors.
Set α = xn + y, with 0 ≤ x < r and 0 ≤ y < n; hence, β = (n −
1)/2 + (r − x)n− y. If the conditions of Theorem 1.7 are satisfied for y, i.e.
there is an HW(Cm[n];m,n; y, n − y), then we fill x resolution classes with
an HW(Cm[n];m,n;n, 0), one class with an HW(Cm[n];m,n; y, n− y). The
remaining r − x− 1 classes are filled with an HW(Cm[n];m,n; 0, n).
Now suppose that the conditions of Theorem 1.7 are not satisfied for y,
i.e. y ∈ {2, 4, n−3, n−1} or (m,n, y) = (3, 11, 6), (3, 13, 8) (we are supposing
(m,n) 6= (3, 15)). If x ≤ r − 2, then we fill x of the Cm[n]-factors with an
HW(Cm[n];m,n;n, 0), one with an HW(Cm[n];m,n; 1, n − 1), one with an
HW(Cm[n];m,n; y − 1, n− y + 1) and the remaining r − x − 2 classes with
an HW(Cm[n];m,n; 0, n).
We are left with the case x = r−1. Note that if m = 3, then r = 1, so the
remaining factors can be found if and only if (y, n− y) ∈ HWP(Cm[n];m,n),
leading to the possible exceptions when (m,n, α) = (3, 11, 6) or (3, 13, 8),
or (m,α) = (3, 2), (3, 4). Now suppose that m ≥ 5, so that r ≥ 2, but
n > m, hence n ≥ 7. Note that since β 6= (n+ 1)/2, (n+ 5)/2, we have that
y 6= n− 1, n− 3.
We are thus left with the case y ∈ {2, 4} and y ≤ n − 5. If n ≥
11, we fill (x − 1) Cm[n]-factors with an HW(Cm[n];m,n;n, 0), one with
an HW(Cm[n];m,n;n − 5, 5) (Theorem 1.7, n − 5 > 4) and one with an
HW(Cm[n];m,n; y + 5, n− y − 5) (Theorem 1.7, y + 5 = 7, 9). For n = 7, 9
we obtain the possible exceptions when (m,n, α) ∈ {(5, 7, 9, 8), (5, 9, 11, 11),
(5, 9, 13, 9), (7, 9, 20, 11), (7, 9, 22, 9)}.
We are now ready to prove the main theorem, Theorem 1.6, in a similar
manner to the proof above for v = mn.
Theorem 4.2. If m and n are odd integers with n ≥ m ≥ 3 and t > 1,
then (α, β) ∈ HWP(mnt;m,n) if and only if t is odd, α, β ≥ 0 and α + β =
(mnt−1)/2, except possibly when β = 1 or 3, or (m,n, β) = (5, 9, 5), (5, 9, 7),
(7, 9, 5), (7, 9, 7), (3, 13, 5).
Proof. We first note that the conditions that t be odd and α+β = (mnt−1)/2
are necessary by Theorem 1.5. We now show sufficiency. When m = n (or
equivalently α = 0 or β = 0), this is equivalent to the uniform Oberwolfach
problem and is covered by Theorem 1.2; we thus assume that n > m. Except
possibly when β = 1, the cases (m,n) = (3, 5), (3, 15) are solved in [1], and
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the cases (m,n) = (3, 7), (3, 9) are solved in [30] and [28], respectively. So we
may assume (m,n) 6= (3, 5), (3, 7), (3, 9) or (3, 15).
We start with a Cm-factorization of Kt[m], which exists by Theorem 1.4.
We note that this design has r = m(t − 1)/2 Cm factors. We expand each
point of this factorization by n, to create a Cm[n]-factorization of Kt[m][n] ∼=
Kt[mn] with r Cm[n]-factors. This design has t uncovered holes of size mn,
which we can fill with a Cm or Cn-factorization of Kmn as we choose, by
Theorem 1.2. This step will yield either (mn−1)/2 Cm-factors or (mn−1)/2
Cn-factors of the whole design, as appropriate. We can resolve each of the r
Cm[n]-factors into γi Cm-factors and δi Cn-factors, where γi + δi = n, where
γ =
∑r
i=1 γi is the number of classes left to fill with Cm-factors.
If α < (mn − 1)/2, set γ = α and fill the holes with Cn-factors, i.e. an
HW(mn;m,n; 0, (mn − 1)/2). Otherwise, when α ≥ (mn − 1)/2, set γ =
α−(mn−1)/2 and fill the holes with Cm-factors, i.e. an HW(mn;m,n; (mn−
1)/2, 0). Noting that γ < mn(t − 1)/2, write γ = xn + y, with 0 ≤ x < r
and 0 ≤ y < n.
If the conditions of Theorem 1.7 are satisfied for y, i.e. (y, n − y) ∈
HWP(Cm[n];m,n), we fill x Cm[n]-factors with an HW(Cm[n];m,n;n, 0),
one Cm[n]-factor with an HW(Cm[n];m,n; y, n − y) and the rest with an
HW(Cm[n];m,n; 0, n).
Otherwise, the conditions of Theorem 1.7 are not satisfied for y, so
that y ∈ {2, 4, n − 1, n − 3} or (m,n, y) = (3, 11, 6), (3, 13, 8) (we are sup-
posing (m,n) 6= (3, 15)). If x ≤ r − 2, we fill x Cm[n]-factors with an
HW(Cm[n];m,n;n, 0), one with an HW(Cm[n];m,n; 1, n − 1), one with an
HW(Cm[n];m,n; y − 1, n − y + 1) and the remaining r − x − 2 with an
HW(Cm[n];m,n; 0, n).
Otherwise, we have that x = r − 1. Note that since β 6= 1, 3 by as-
sumption, it follows that y 6= n − 1, n− 3, and so y ∈ {2, 4}, or (m,n, y) =
(3, 11, 6), (3, 13, 8). If n ≥ 11 and y = 2, 4, then we fill x − 1 Cm[n]-factors
with an HW(Cm[n];m,n;n, 0), one with an HW(Cm[n];m,n;n− 5, 5) (The-
orem 1.7, n−5 > 4) and one with an HW(Cm[n];m,n; y+5, n−y−5) (The-
orem 1.7, y + 5 = 7, 9). Since we are assuming (m,n) 6= (3, 5), (3, 7), (3, 9),
we are left with the case where x = r− 1 and (m,n, y) = (3, 11, 6), (3, 13, 8),
or (m,n) = (5, 7), (5, 9), (7, 9) and y = 2, 4. These correspond to the cases
(m,n, β) = (3, 11, 5), (3, 13, 5), or (m,n) = (5, 7), (5, 9), (7, 9) and β = n− 2
or n− 4.
When (m,n, β) = (5, 7, 3), (5, 7, 5) or (3, 11, 5), β = (n−1)/2 or (n+3)/2,
and so there exists an HW(mn;m,n; (mn − 1)/2 − β, β) by Theorem 4.1.
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We use this design to fill the t uncovered holes of size mn of the origi-
nal Cm-factorization of Kt[m], instead of a Cm-factorization. Now, we fill
the expanded classes with HW(Cm[n];m,n;n, 0). This leaves the exceptions
(m,n, β) = (5, 9, 5), (5, 9, 7), (7, 9, 5), (7, 9, 7) and (3, 13, 5).
The results of Theorems 4.1 and 4.2 together prove Theorem 1.6.
In the case that the cycle lengths m and n are relatively prime, in order
for HW(v;m,n;α, β) to exist, it is necessary that v is a multiple of mn. We
thus have the following corollary.
Corollary 4.3. Let m and n be coprime odd integers with n ≥ m ≥ 3. If
v ≥ 3 is an odd integer, then (α, β) ∈ HWP(v;m,n) if and only if v is
divisible by mn, α ≥ 0 and β ≥ 0, and α+ β = (mnt− 1)/2, except possibly
if:
• t > 1, and β ∈ {1, 3} or (m,n, β) = (5, 9, 5), (5, 9, 7), (7, 9, 5), (7, 9, 7),
(3, 13, 5).
• t = 1 and one of the following conditions hold: β ∈ [1, . . . , n−3
2
] ∪
{n+1
2
, n+5
2
}, (m,α) = (3, 2), (3, 4), or (m,n, α, β) = (3, 11, 6, 10), (3, 13, 8, 10),
(5, 7, 9, 8), (5, 9, 11, 11), (5, 9, 13, 9), (7, 9, 20, 11), (7, 9, 22, 9).
Finally, we note that by not filling the holes in the proof of Theorem 4.2
above, we have the following result on factorization of the complete multi-
partite graph.
Corollary 4.4. Let n and m be odd integers with n ≥ m ≥ 3. Then (α, β) ∈
HWP(Kt[mn];m,n) if and only if t > 1 is odd, α, β ≥ 0 and α + β =
mn(t − 1)/2, except possibly if β = 1 or 3 or (m,n, β) = (5, 7, 3), (5, 7, 5)
(5, 9, 5), (5, 9, 7), (7, 9, 5), (7, 9, 7), (3, 11, 5), (3, 13, 5).
In a similar manner we may obtain solutions to HWP(Km[n];m,n) from
Theorem 4.1 by not filling in the parts in that Theorem. We can then obtain
further multipartite results on Ktm[n] by filling in the parts in Corollary 4.4
with these factorizations.
5 Conclusion
The Hamilton-Waterloo problem has received much attention over the last
few years. While progress for pairs of odd factors has been slow up to now,
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we have shown that solutions exist for many cases. Indeed, if m and n are
coprime, Theorem 4.2 shows sufficiency when v > mn, β 6= 1, 3 with one
possible exception. For the case v = mn, Theorem 4.1 shows a similar result,
but leaves the cases where β < (n − 3)/2, (n + 1)/2, (n + 5)/2 as well as
α ∈ {2, 4} when m = 3, with a few other small exceptions. It would be
nice to see these exceptions closed. Of particular note is the case β = 1;
Theorem 3.3 shows that in general the method that we have used, factoring
Cm[n], will not be usable in this case. We note that in the case of even cycles
there is a similar problem when there is only one factor of a given type.
Whilst we have shown sufficiency when m and n are coprime, when m and
n are not coprime it is possible to have it is possible to have solutions where
the number of points, v, is not a multiple ofmn. Specifically, if ℓ =lcm(m,n),
then in order for an HW (v;m,n) to exist, v must be a multiple of ℓ. Except
when β = 1, 3 or v = mn, we have covered every case where v is a multiple
of mn. This leaves the cases when v a multiple of ℓ, but is not divisible by
mn. Investigation of these cases would be of interest.
For odd length cycles, we have only considered uniform factors. Almost
nothing is known for non-uniform factors, in stark contrast to the even case.
The Hamilton-Waterloo problem also remains largely open when the factors
have opposite parity. In addition, there is the more general Oberwolfach
problem, when there are more than two factor types.
Theorem 1.7 is a very important result in its own right. These factoriza-
tions are the cycle equivalent of group divisible designs in the design context
and are likely to prove useful in solving a wide range of cycle factorization
problems.
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Appendix A Factoring Cm[n], α ≡ 2 (mod 6),
26 < α < 224
For each value of α ≡ 2 (mod 6), with 26 < α < 170, we give a and b and
(α− 8)/6 triples which, together with their negatives, satisfy the conditions
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of Lemma 3.10.
α = 32, a = 4, b = 1, {3, 11,−14}, {5, 13,−18}, {6, 9,−15}, {7, 10,−17}.
α = 38, a = 5, b = 1, {3, 16,−19}, {4, 13,−17}, {6, 8,−14}, {7, 11,−18},
{9, 12,−21}.
α = 44, a = 3, b = 8, {1, 13,−14}, {2, 17,−19}, {4, 20,−24}, {5, 18,−23},
{7, 15,−22}, {10, 11,−21}.
α = 50, a = 3, b = 8, {1, 14,−15}, {2, 20,−22}, {4, 19,−23}, {5, 21,−26},
{7, 18,−25}, {10, 17,−27}, {11, 13,−24}.
α = 56, a = 5, b = 1, {3, 14,−17}, {4, 21,−25}, {6, 23,−29}, {7, 19,−26},
{8, 22,−30}, {9, 18,−27}, {11, 13,−24}, {12, 16,−28}.
α = 62, a = 5, b = 8, {1, 6,−7}, {2, 24,−26}, {3, 25,−28}, {4, 23,−27}, {9, 21,−30},
{11, 18,−29}, {12, 22,−34}, {13, 19,−32}, {14, 17,−31}.
α = 68, a = 5, b = 2, {17,−31, 14}, {−30, 11, 19}, {6, 18,−24}, {29,−32, 3},
{−35, 8, 27}, {9, 25,−34}, {26,−33, 7}, {−28, 12, 16}, {−36, 13, 23}, {1, 21,−22}.
α = 74, a = 5, b = 8, {1, 11,−12}, {2, 24,−26}, {3, 28,−31}, {4, 29,−33},
{6, 30,−36}, {7, 27,−34}, {9, 23,−32}, {13, 22,−35}, {14, 25,−39}, {17, 21,−38},
{18, 19,−37}.
α = 80, a = 3, b = 1, {23, 14,−37}, {−42, 25, 17}, {11, 24,−35}, {7, 27,−34},
{26, 4,−30}, {−31, 16, 15}, {13, 19,−32}, {8,−36, 28}, {−41, 20, 21}, {18, 22,−40},
{29,−39, 10}, {33,−38, 5}.
α = 86, a = 3, b = 1, {20,−41, 21}, {−39, 25, 14}, {22,−40, 18}, {15, 30,−45},
{13, 31,−44}, {35,−43, 8}, {−36, 32, 4}, {24,−29, 5}, {−42, 19, 23}, {26,−37, 11},
{27,−34, 7}, {17,−33, 16}, {28,−38, 10}.
α = 92, a = 3, b = 2, {37,−38, 1}, {31,−36, 5}, {−48, 34, 14}, {−46, 33, 13},
{−39, 11, 28}, {−44, 18, 26}, {17, 23,−40}, {35, 7,−42}, {30, 15,−45}, {8, 21,−29},
{19, 24,−43}, {−47, 27, 20}, {−41, 16, 25}, {22, 10,−32}.
α = 98, a = 7, b = 16, {38,−48, 10}, {43, 4,−47}, {6, 12,−18}, {30, 3,−33},
{19, 22,−41}, {8, 23,−31}, {34, 17,−51}, {9,−49, 40}, {26,−39, 13}, {20,−44, 24},
{1, 45,−46}, {15, 35,−50}, {37,−42, 5}, {27, 2,−29}, {11, 25,−36}.
α = 104, a = 5, b = 1, {32,−53, 21}, {11, 27,−38}, {−39, 30, 9}, {13,−46, 33},
{19,−43, 24}, {−47, 25, 22}, {−40, 28, 12}, {14, 17,−31}, {−54, 36, 18}, {34, 3,−37},
{23,−49, 26}, {−51, 7, 44}, {16, 29,−45}, {8,−50, 42}, {35,−41, 6}, {48,−52, 4}.
α = 110, a = 3, b = 1, {20, 35,−55}, {17,−45, 28}, {30,−52, 22}, {8, 21,−29},
{11, 25,−36}, {5, 38,−43}, {23, 27,−50}, {−48, 16, 32}, {26, 31,−57}, {41,−56, 15},
{34, 19,−53}, {40,−54, 14}, {33,−46, 13}, {18,−42, 24}, {10, 39,−49}, {37,−44, 7},
{47,−51, 4}.
α = 116, a = 7, b = 16, {46, 3,−49}, {−58, 48, 10}, {39, 4,−43}, {41,−50, 9},
{42,−59, 17}, {36, 18,−54}, {13, 20,−33}, {−55, 44, 11}, {−60, 15, 45}, {12, 35,−47},
{6, 34,−40}, {26, 31,−57}, {30,−38, 8}, {19, 37,−56}, {2, 23,−25}, {51,−52, 1},
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{24, 29,−53}, {5, 22,−27}.
α = 122, a = 7, b = 16, {61, 22,−39}, {50,−63, 13}, {38, 9,−47}, {18, 35,−53},
{1, 4,−5}, {23, 25,−48}, {−45, 34, 11}, {52,−54, 2}, {−46, 26, 20}, {6,−62, 56},
{19, 36,−55}, {33, 10,−43}, {31,−60, 29}, {−51, 27, 24}, {41,−58, 17}, {44,−59, 15},
{12, 30,−42}, {49,−57, 8}, {37, 3,−40}.
α = 128, a = 3, b = 1, {4, 33,−37}, {35, 29,−64}, {−52, 25, 27}, {−51, 10, 61},
{17, 32,−49}, {15,−54, 39}, {−55, 14, 41}, {40,−60, 20}, {−44, 31, 13}, {−45, 22, 23},
{−63, 16, 47}, {11, 42,−53}, {7, 43,−50}, {−56, 26, 30}, {57,−62, 5}, {34, 24,−58},
{46,−65, 19}, {−66, 48, 18}, {21, 38,−59}, {8, 28,−36}.
α = 134, a = 3, b = 1, {5,−33, 38}, {24, 30,−54}, {49,−53, 4}, {52, 11,−63},
{18, 21,−39}, {15,−59, 44}, {28,−55, 27}, {13, 34,−47}, {37, 19,−56}, {−62, 45, 17},
{41, 7,−48}, {40,−69, 29}, {22, 43,−65}, {25, 32,−57}, {10, 51,−61}, {−64, 14, 50},
{8, 60,−68}, {20,−66, 46}, {23, 35,−58}, {31, 36,−67}, {16, 26,−42}.
α = 140, a = 7, b = 16, {22,−52, 30}, {−54, 41, 13}, {15,−62, 47}, {20, 45,−65},
{53,−57, 4}, {37,−49, 12}, {55, 1,−56}, {46,−63, 17}, {35,−58, 23}, {25, 26,−51},
{2, 27,−29}, {66,−71, 5}, {34,−70, 36}, {−67, 48, 19}, {50,−61, 11}, {42, 18,−60},
{59,−68, 9}, {−64, 24, 40}, {69, 3,−72}, {33,−43, 10}, {38,−44, 6}, {31, 8,−39}.
α = 146, a = 7, b = 16, {38,−73, 35}, {55,−60, 5}, {62,−68, 6}, {39, 33,−72},
{−69, 24, 45}, {30, 40,−70}, {−74, 11, 63}, {27, 31,−58}, {18, 43,−61}, {46,−75, 29},
{17, 25,−42}, {20, 2,−22}, {−67, 13, 54}, {23, 36,−59}, {−71, 19, 52}, {49, 15,−64},
{12, 44,−56}, {8, 26,−34}, {4, 53,−57}, {10, 37,−47}, {65,−66, 1}, {3, 48,−51},
{9, 41,−50}.
α = 152, a = 3, b = 1, {16, 55,−71}, {35, 37,−72}, {−78, 18, 60}, {59, 8,−67},
{50,−57, 7}, {21, 40,−61}, {43,−48, 5}, {11, 63,−74}, {14, 32,−46}, {−75, 44, 31},
{49, 24,−73}, {19, 4,−23}, {41, 27,−68}, {−70, 42, 28}, {54, 10,−64}, {26, 39,−65},
{22, 47,−69}, {13, 45,−58}, {25, 52,−77}, {51, 34,−17}, {56,−76, 20}, {36, 30,−66},
{33, 29,−62}, {15, 38,−53}.
α = 158, a = 4, b = 1, {22, 69, 47}, {70, 79, 9}, {20, 32, 52}, {41, 71, 30}, {17, 72, 55},
{35, 38, 73}, {63, 42, 21}, {19, 48, 67}, {40, 54, 14}, {46, 57, 11}, {56, 66, 10}, {26, 13, 39},
{64, 27, 37}, {36, 45, 81}, {49, 25, 74}, {75, 31, 44}, {51, 29, 80}, {33, 43, 76}, {24, 34, 58},
{62, 77, 15}, {5, 23, 28}, {7, 61, 68}, {18, 60, 78}, {3, 50, 53}, {6, 59, 65}.
α = 164, a = 7, b = 16, {52, 20,−72}, {76,−84, 8}, {36, 42,−78}, {69,−82, 13},
{33, 47,−80}, {29, 45,−74}, {34, 39,−73}, {79,−81, 2}, {41, 9,−50}, {37, 46,−83},
{−75, 31, 44}, {24, 61,−85}, {22, 35,−57}, {−70, 19, 51}, {48,−60, 12}, {4, 23,−27},
{−71, 54, 17}, {26,−64, 38}, {53, 3,−56}, {55,−66, 11}, {25, 43,−68}, {58, 5,−63},
{6, 59,−65}, {10, 30,−40}, {15, 62,−77}, {49,−67, 18}.
α = 170, a = 3, b = 16, {33, 46, 79}, {66, 40, 26}, {28, 47, 75}, {25, 30, 55},
{61, 7, 68}, {20, 52, 72}, {4, 38, 42}, {53, 82, 29}, {63, 74, 11}, {1, 84, 85}, {39, 44, 83},
{70, 10, 80}, {34, 23, 57}, {13, 78, 65}, {19, 2, 21}, {51, 18, 69}, {50, 81, 31},
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{86, 37, 49}, {60, 87, 27}, {36, 41, 77}, {22, 45, 67}, {24, 35, 59}, {15, 58, 73},
{43, 5, 48}, {54, 71, 17}, {76, 14, 62}, {56, 8, 64}.
α = 176, a = 4, b = 1, {7, 24, 31}, {14, 64, 78}, {83, 20, 63}, {81, 9, 90},
{42, 43, 85}, {67, 13, 80}, {18, 57, 75}, {45, 29, 74}, {32, 37, 69}, {82, 22, 60},
{26, 33, 59}, {88, 58, 30}, {76, 86, 10}, {44, 55, 11}, {51, 3, 54}, {56, 41, 15},
{87, 34, 53}, {62, 79, 17}, {73, 48, 25}, {65, 27, 38}, {84, 61, 23}, {6, 46, 52},
{35, 36, 71}, {89, 50, 39}, {21, 49, 70}, {68, 28, 40}, {72, 5, 77}, {47, 66, 19}.
α = 182, a = 3, b = 1, {40, 52, 92}, {73, 8, 81}, {28, 50, 78}, {55, 90, 35},
{18, 25, 43}, {46, 23, 69}, {61, 24, 85}, {14, 70, 84}, {5, 67, 72}, {31, 34, 65},
{29, 51, 80}, {58, 13, 71}, {47, 79, 32}, {74, 36, 38}, {17, 22, 39}, {26, 62, 88},
{19, 56, 75}, {76, 27, 49}, {16, 41, 57}, {33, 20, 53}, {15, 68, 83}, {48, 59, 11},
{42, 86, 44}, {77, 10, 87}, {93, 30, 63}, {54, 91, 37}, {60, 4, 64}, {82, 7, 89}, {21, 45, 66}.
α = 188, a = 3, b = 2, {10, 17, 27}, {80, 13, 93}, {43, 26, 69}, {41, 96, 55},
{60, 52, 8}, {68, 18, 86}, {42, 76, 34}, {14, 59, 73}, {94, 48, 46}, {45, 61, 16},
{23, 28, 51}, {88, 67, 21}, {81, 44, 37}, {58, 87, 29}, {31, 71, 40}, {30, 79, 49},
{35, 54, 89}, {19, 83, 64}, {57, 38, 95}, {47, 25, 72}, {65, 70, 5}, {91, 7, 84}, {78, 22, 56},
{75, 36, 39}, {32, 50, 82}, {74, 85, 11}, {77, 15, 92}, {20, 33, 53}, {66, 90, 24},
{63, 62, 1}.
α = 194, a = 3, b = 2, {5, 51, 56}, {55, 71, 16}, {73, 66, 7}, {45, 80, 35},
{23, 62, 85}, {18, 19, 37}, {96, 46, 50}, {59, 30, 89}, {17, 70, 87}, {27, 40, 67},
{75, 86, 11}, {47, 83, 36}, {79, 41, 38}, {65, 26, 91}, {53, 21, 74}, {94, 81, 13},
{72, 28, 44}, {48, 90, 42}, {10, 14, 24}, {69, 77, 8}, {33, 49, 82}, {43, 52, 95},
{88, 54, 34}, {92, 29, 63}, {58, 97, 39}, {22, 76, 98}, {84, 20, 64}, {68, 31, 99},
{60, 61, 1}, {25, 32, 57}, {78, 93, 15}.
α = 200, a = 3, b = 1 {77, 91, 14}, {43, 49, 92}, {83, 38, 45}, {76, 23, 99},
{90, 20, 70}, {47, 88, 41}, {42, 101, 59}, {66, 85, 19}, {71, 25, 96}, {13, 54, 67},
{98, 5, 93}, {31, 50, 81}, {56, 17, 73}, {84, 55, 29}, {62, 80, 18}, {24, 65, 89},
{28, 4, 32}, {46, 68, 22}, {35, 37, 72}, {39, 100, 61}, {74, 8, 82}, {11, 86, 97},
{57, 64, 7}, {21, 27, 48}, {10, 30, 40}, {15, 60, 75}, {78, 26, 52}, {63, 16, 79},
{95, 44, 51}, {87, 34, 53}, {69, 102, 33}, {36, 94, 58}.
α = 206, a = 3, b = 1, {38, 60, 98}, {7, 54, 61}, {97, 16, 81}, {13, 24, 37},
{99, 50, 49}, {63, 55, 8}, {64, 79, 15}, {25, 43, 68}, {83, 5, 88}, {100, 18, 82},
{104, 33, 71}, {77, 87, 10}, {30, 36, 66}, {53, 4, 57}, {45, 48, 93}, {51, 86, 35},
{40, 44, 84}, {67, 27, 94}, {21, 95, 74}, {29, 62, 91}, {17, 85, 102}, {56, 78, 22},
{11, 101, 90}, {46, 65, 19}, {69, 23, 92}, {103, 31, 72}, {34, 76, 42}, {52, 28, 80},
{58, 47, 105}, {32, 41, 73}, {26, 70, 96}, {39, 20, 59}, {75, 89, 14}.
α = 212, a = 3, b = 2, {17, 42, 59}, {56, 10, 66}, {88, 24, 64}, {1, 74, 75},
{21, 80, 101}, {55, 13, 68}, {69, 96, 27}, {92, 16, 108}, {62, 103, 41}, {51, 99, 48},
30
{54, 19, 73}, {46, 86, 40}, {52, 77, 25}, {94, 34, 60}, {85, 20, 105}, {97, 32, 65},
{18, 5, 23}, {90, 98, 8}, {72, 61, 11}, {38, 43, 81}, {26, 58, 84}, {37, 50, 87}, {22, 71, 93},
{106, 15, 91}, {30, 70, 100}, {76, 83, 7}, {67, 95, 28}, {39, 63, 102}, {57, 104, 47},
{107, 78, 29}, {44, 79, 35}, {53, 36, 89}, {33, 49, 82}, {14, 31, 45}.
α = 218, a = 3, b = 2, {65, 105, 40}, {35, 52, 87}, {19, 84, 103}, {96, 59, 37},
{62, 30, 92}, {69, 25, 94}, {67, 24, 91}, {15, 29, 44}, {58, 39, 97}, {32, 50, 82},
{17, 100, 83}, {108, 109, 1}, {76, 42, 34}, {104, 43, 61}, {13, 101, 88}, {99, 18, 81},
{16, 38, 54}, {36, 57, 93}, {23, 45, 68}, {63, 49, 14}, {80, 90, 10}, {20, 46, 66},
{98, 28, 70}, {106, 31, 75}, {8, 71, 79}, {26, 60, 86}, {47, 27, 74}, {78, 7, 85},
{55, 111, 56}, {53, 64, 11}, {41, 48, 89}, {73, 95, 22}, {110, 33, 77}, {102, 107, 5},
{21, 51, 72}.
Appendix B Factoring Cm[n] α ≡ 4 (mod 6), 28 <
α < 268
For each value of α ≡ 4 (mod 6), with 28 < α < 268, we give a and b and
(α−10)/6 triples which, together with their negatives, satisfy the conditions
of Lemma 3.12.
α = 34, a = 3, b = 8, {1, 10, 11}, {2, 7, 9}, {4, 13, 17}, {5, 14, 19}.
α = 40, a = 3, b = 1, {4, 17, 21}, {5, 11, 16}, {7, 13, 20}, {8, 14, 22}, {9, 10, 19}.
α = 46, a = 3, b = 1, {4, 17, 21}, {5, 20, 25}, {7, 16, 23}, {8, 11, 19}, {9, 13, 22},
{10, 14, 24}.
α = 52, a = 3, b = 2, {1, 19, 20}, {5, 22, 27}, {7, 21, 28}, {8, 16, 24}, {9, 17, 26},
{10, 13, 23}, {11, 14, 25}.
α = 58, a = 3, b = 2, {1, 21, 22}, {5, 23, 28}, {7, 24, 31}, {8, 17, 25}, {9, 20, 29},
{10, 16, 26}, {11, 19, 30}, {13, 14, 27}.
α = 64, a = 3, b = 1, {4, 21, 25}, {5, 22, 27}, {7, 24, 31}, {8, 26, 34}, {9, 20, 29},
{10, 23, 33}, {11, 17, 28}, {13, 19, 32}, {14, 16, 30}.
α = 70, a = 3, b = 1, {4, 22, 26}, {5, 24, 29}, {7, 23, 30}, {8, 27, 35}, {9, 28, 37},
{10, 21, 31}, {11, 25, 36}, {13, 19, 32}, {14, 20, 34}, {16, 17, 33}.
α = 76, a = 3, b = 2, {13, 24, 37}, {14, 22, 36}, {31, 9, 40}, {17, 21, 38}, {10, 16, 26},
{35, 28, 7}, {29, 30, 1}, {39, 20, 19}, {34, 11, 23}, {8, 25, 33}, {27, 5, 32}.
α = 82, a = 3, b = 2, {27, 32, 5}, {19, 22, 41}, {42, 33, 9}, {34, 20, 14}, {35, 8, 43},
{17, 23, 40}, {24, 7, 31}, {25, 11, 36}, {10, 28, 38}, {26, 13, 39}, {21, 37, 16}, {29, 1, 30}.
α = 88, a = 3, b = 1, {46, 13, 33}, {17, 21, 38}, {39, 9, 30}, {45, 23, 22}, {19, 24, 43},
{14, 20, 34}, {42, 31, 11}, {28, 35, 7}, {41, 25, 16}, {10, 26, 36}, {8, 29, 37}, {27, 5, 32},
{40, 44, 4}.
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α = 94, a = 3, b = 1, {5, 32, 37}, {48, 25, 23}, {20, 26, 46}, {45, 31, 14}, {49, 13, 36},
{11, 28, 39}, {41, 24, 17}, {19, 21, 40}, {22, 30, 8}, {16, 27, 43}, {7, 35, 42}, {10, 44, 34},
{38, 47, 9}, {29, 33, 4}.
α = 100, a = 3, b = 2, {51, 38, 13}, {17, 25, 42}, {20, 23, 43}, {31, 47, 16},
{7, 29, 36}, {37, 11, 48}, {40, 14, 26}, {21, 28, 49}, {1, 33, 34}, {30, 22, 52}, {8, 24, 32},
{19, 27, 46}, {35, 10, 45}, {41, 50, 9}, {39, 44, 5}.
α = 106, a = 3, b = 2, {24, 29, 53}, {37, 13, 50}, {44, 54, 10}, {52, 19, 33},
{43, 5, 48}, {36, 45, 9}, {17, 22, 39}, {27, 7, 34}, {31, 47, 16}, {8, 32, 40}, {21, 35, 14},
{55, 30, 25}, {46, 20, 26}, {49, 11, 38}, {23, 51, 28}, {41, 1, 42}.
α = 112, a = 3, b = 1, {26, 29, 55}, {31, 48, 17}, {50, 57, 7}, {41, 49, 8}, {46, 51, 5},
{23, 37, 14}, {32, 52, 20}, {56, 40, 16}, {44, 33, 11}, {24, 30, 54}, {38, 42, 4}, {27, 36, 9},
{28, 53, 25}, {58, 39, 19}, {22, 43, 21}, {35, 45, 10}, {47, 13, 34}.
α = 118, a = 3, b = 1, {41, 9, 50}, {4, 38, 42}, {5, 58, 53}, {31, 55, 24}, {43, 57, 14},
{49, 7, 56}, {27, 61, 34}, {35, 51, 16}, {46, 26, 20}, {30, 59, 29}, {8, 32, 40}, {13, 23, 36},
{22, 25, 47}, {37, 48, 11}, {17, 28, 45}, {60, 39, 21}, {54, 10, 44}, {52, 19, 33}.
α = 124, a = 3, b = 4, {49, 25, 24}, {10, 51, 61}, {44, 14, 58}, {11, 43, 54},
{17, 21, 38}, {22, 33, 55}, {30, 64, 34}, {52, 53, 1}, {23, 62, 39}, {47, 60, 13}, {50, 57, 7},
{27, 56, 29}, {31, 32, 63}, {20, 28, 48}, {9, 36, 45}, {19, 40, 59}, {5, 41, 46}, {26, 42, 16},
{2, 35, 37}.
α = 130, a = 3, b = 2, {46, 33, 13}, {19, 61, 42}, {30, 32, 62}, {29, 52, 23},
{51, 58, 7}, {1, 35, 36}, {26, 50, 24}, {55, 14, 41}, {54, 45, 9}, {21, 49, 28}, {39, 66, 27},
{40, 57, 17}, {16, 43, 59}, {8, 64, 56}, {53, 22, 31}, {60, 65, 5}, {11, 37, 48}, {63, 25, 38},
{10, 34, 44}, {67, 47, 20}.
α = 136, a = 3, b = 1, {44, 49, 5}, {55, 41, 14}, {53, 25, 28}, {21, 47, 68}, {13, 37, 50},
{39, 48, 9}, {19, 32, 51}, {10, 42, 52}, {62, 26, 36}, {61, 45, 16}, {11, 59, 70}, {31, 33, 64},
{7, 22, 29}, {35, 69, 34}, {67, 27, 40}, {38, 20, 58}, {57, 65, 8}, {17, 63, 46}, {24, 30, 54},
{43, 66, 23}, {4, 56, 60}.
α = 142, a = 3, b = 1, {31, 39, 70}, {45, 10, 55}, {67, 40, 27}, {5, 21, 26}, {16, 56, 72},
{50, 63, 13}, {30, 36, 66}, {68, 8, 60}, {57, 20, 37}, {4, 49, 53}, {7, 47, 54}, {22, 42, 64},
{32, 73, 41}, {51, 14, 65}, {17, 29, 46}, {9, 34, 43}, {61, 28, 33}, {23, 35, 58}, {25, 69, 44},
{24, 62, 38}, {11, 48, 59}, {52, 19, 71}.
α = 148, a = 3, b = 4, {64, 30, 34}, {71, 2, 73}, {19, 48, 67}, {59, 9, 68}, {25, 62, 37},
{43, 53, 10}, {11, 21, 32}, {14, 27, 41}, {51, 24, 75}, {44, 22, 66}, {38, 69, 31}, {5, 50, 55},
{20, 52, 72}, {76, 40, 36}, {23, 35, 58}, {28, 42, 70}, {17, 46, 63}, {26, 39, 65}, {29, 74, 45},
{16, 33, 49}, {54, 61, 7}, {60, 47, 13}, {56, 57, 1},
α = 154, a = 3, b = 2, {26, 45, 71}, {37, 39, 76}, {75, 16, 59}, {51, 17, 68},
{23, 50, 73}, {65, 25, 40}, {19, 53, 72}, {70, 29, 41}, {56, 42, 14}, {10, 74, 64}, {46, 20, 66},
{77, 44, 33}, {11, 27, 38}, {54, 63, 9}, {32, 60, 28}, {57, 5, 62}, {8, 61, 69}, {1, 34, 35},
{58, 79, 21}, {78, 47, 31}, {24, 43, 67}, {52, 30, 22}, {7, 48, 55}, {36, 49, 13}.
α = 160, a = 3, b = 1, {23, 58, 81}, {51, 28, 79}, {78, 61, 17}, {60, 5, 65}, {80, 35, 45},
32
{82, 10, 72}, {33, 21, 54}, {68, 32, 36}, {13, 37, 50}, {14, 55, 69}, {7, 59, 66}, {75, 46, 29},
{9, 47, 56}, {22, 49, 71}, {70, 62, 8}, {20, 64, 44}, {67, 40, 27}, {63, 25, 38}, {30, 11, 41},
{74, 43, 31}, {19, 76, 57}, {77, 53, 24}, {16, 26, 42}, {73, 34, 39}, {48, 4, 52}.
α = 166, a = 3, b = 1, {84, 47, 37}, {79, 57, 22}, {8, 50, 58}, {42, 51, 9}, {60, 16, 76},
{64, 83, 19}, {61, 34, 27}, {26, 45, 71}, {4, 63, 67}, {85, 23, 62}, {82, 29, 53}, {46, 81, 35},
{41, 66, 25}, {13, 17, 30}, {20, 52, 72}, {36, 38, 74}, {10, 39, 49}, {59, 70, 11}, {32, 33, 65},
{21, 77, 56}, {54, 78, 24}, {14, 55, 69}, {28, 40, 68}, {31, 75, 44}, {7, 80, 73}, {43, 48, 5}.
α = 172, a = 3, b = 2, {21, 32, 53}, {10, 20, 30}, {34, 80, 46}, {65, 28, 37},
{59, 45, 14}, {47, 8, 55}, {44, 71, 27}, {83, 31, 52}, {50, 16, 66}, {5, 49, 54}, {26, 62, 88},
{35, 42, 77}, {56, 29, 85}, {17, 70, 87}, {68, 69, 1}, {51, 76, 25}, {61, 72, 11}, {24, 39, 63},
{60, 22, 82}, {81, 23, 58}, {78, 40, 38}, {36, 79, 43}, {57, 7, 64}, {73, 13, 86}, {74, 33, 41},
{84, 9, 75}, {48, 19, 67}.
α = 178, a = 3, b = 2, {39, 40, 79}, {26, 47, 73}, {16, 90, 74}, {68, 20, 88},
{21, 41, 62}, {51, 19, 70}, {37, 38, 75}, {69, 64, 5}, {52, 65, 13}, {14, 81, 67}, {56, 57, 1},
{89, 59, 30}, {80, 34, 46}, {22, 71, 49}, {35, 42, 77}, {91, 25, 66}, {50, 82, 32}, {86, 23, 63},
{72, 83, 11}, {53, 8, 61}, {84, 60, 24}, {27, 28, 55}, {33, 78, 45}, {76, 9, 85}, {44, 10, 54},
{87, 29, 58}, {7, 36, 43}, {17, 31, 48}.
α = 184, a = 3, b = 1, {85, 34, 51}, {64, 13, 77}, {27, 93, 66}, {56, 80, 24},
{28, 45, 73}, {44, 60, 16}, {19, 52, 71}, {11, 14, 25}, {61, 84, 23}, {31, 47, 78}, {38, 88, 50},
{70, 41, 29}, {39, 4, 43}, {75, 26, 49}, {87, 8, 79}, {42, 72, 30}, {58, 91, 33}, {92, 55, 37},
{83, 35, 48}, {46, 36, 82}, {5, 54, 59}, {89, 69, 20}, {21, 65, 86}, {74, 7, 81}, {90, 22, 68},
{32, 62, 94}, {67, 76, 9}, {17, 40, 57}, {63, 53, 10}.
α = 190, a = 3, b = 1, {54, 13, 67}, {77, 85, 8}, {26, 65, 91}, {16, 25, 41}, {66, 70, 4},
{86, 97, 11}, {74, 5, 79}, {17, 44, 61}, {42, 47, 89}, {49, 63, 14}, {40, 76, 36}, {87, 57, 30},
{20, 48, 68}, {45, 88, 43}, {51, 21, 72}, {33, 71, 38}, {50, 78, 28}, {84, 9, 93}, {81, 59, 22},
{46, 75, 29}, {52, 62, 10}, {31, 95, 64}, {94, 55, 39}, {53, 80, 27}, {35, 69, 34}, {73, 23, 96},
{83, 90, 7}, {24, 82, 58}, {92, 60, 32}, {19, 37, 56}.
α = 196, a = 3, b = 2, {67, 9, 76}, {91, 69, 22}, {81, 43, 38}, {21, 44, 65}, {17, 45, 62},
{75, 24, 99}, {29, 56, 85}, {34, 54, 88}, {40, 46, 86}, {60, 92, 32}, {27, 73, 100}, {84, 95, 11},
{78, 42, 36}, {30, 79, 49}, {37, 57, 94}, {50, 1, 51}, {83, 28, 55}, {74, 16, 90}, {31, 33, 64},
{89, 96, 7}, {35, 13, 48}, {52, 14, 66}, {98, 39, 59}, {19, 58, 77}, {61, 41, 20}, {5, 82, 87},
{71, 97, 26}, {23, 47, 70}, {10, 53, 63}, {68, 93, 25}, {72, 80, 8}.
α = 202, a = 3, b = 4, {37, 62, 99}, {58, 63, 5}, {88, 13, 101}, {61, 95, 34},
{46, 19, 65}, {74, 76, 2}, {100, 49, 51}, {91, 39, 52}, {17, 85, 102}, {64, 16, 80}, {96, 29, 67},
{98, 26, 72}, {57, 82, 25}, {89, 66, 23}, {36, 68, 32}, {59, 86, 27}, {42, 1, 43}, {81, 11, 92},
{47, 97, 50}, {14, 56, 70}, {30, 54, 84}, {22, 38, 60}, {41, 94, 53}, {31, 40, 71}, {77, 10, 87},
{33, 45, 78}, {48, 21, 69}, {73, 93, 20}, {7, 83, 90}, {9, 35, 44}, {28, 75, 103}, {79, 55, 24}.
α = 208, a = 3, b = 1, {88, 31, 57}, {59, 81, 22}, {101, 23, 78}, {5, 94, 99},
{50, 19, 69}, {73, 97, 24}, {91, 44, 47}, {62, 34, 96}, {70, 77, 7}, {25, 83, 58}, {56, 65, 9},
{72, 8, 80}, {93, 40, 53}, {32, 66, 98}, {11, 92, 103}, {16, 106, 90}, {33, 74, 41}, {27, 95, 68},
33
{102, 42, 60}, {85, 20, 105}, {63, 46, 17}, {86, 51, 35}, {89, 76, 13}, {28, 82, 54}, {45, 100, 55},
{14, 38, 52}, {26, 61, 87}, {30, 49, 79}, {36, 48, 84}, {104, 67, 37}, {71, 75, 4}, {43, 21, 64},
{10, 29, 39}.
α = 214, a = 3, b = 1, {90, 36, 54}, {89, 94, 5}, {8, 51, 59}, {96, 49, 47}, {53, 76, 23},
{32, 68, 100}, {104, 34, 70}, {93, 56, 37}, {55, 44, 99}, {63, 29, 92}, {107, 64, 43}, {26, 75, 101},
{108, 21, 87}, {57, 46, 103}, {60, 24, 84}, {33, 48, 81}, {95, 82, 13}, {4, 73, 77}, {41, 42, 83},
{25, 10, 35}, {66, 52, 14}, {40, 62, 102}, {19, 91, 72}, {98, 27, 71}, {11, 74, 85}, {17, 22, 39},
{16, 45, 61}, {9, 79, 88}, {67, 38, 105}, {30, 80, 50}, {106, 86, 20}, {69, 97, 28}, {78, 109, 31},
{58, 65, 7}.
α = 220, a = 3, b = 2, {72, 13, 85}, {39, 61, 100}, {40, 73, 33}, {102, 36, 66},
{76, 17, 93}, {75, 16, 91}, {25, 63, 88}, {94, 108, 14}, {65, 107, 42}, {105, 35, 70}, {74, 21, 95},
{37, 59, 96}, {81, 101, 20}, {56, 110, 54}, {64, 90, 26}, {92, 97, 5}, {8, 47, 55}, {89, 23, 112},
{22, 38, 60}, {27, 82, 109}, {58, 104, 46}, {24, 28, 52}, {32, 111, 79}, {87, 106, 19},
{83, 34, 49}, {50, 53, 103}, {62, 51, 11}, {77, 7, 84}, {69, 29, 98}, {10, 57, 67}, {68, 99, 31},
{86, 41, 45}, {80, 71, 9}, {48, 78, 30}, {1, 43, 44}.
α = 226, a = 3, b = 2, {13, 27, 40}, {36, 57, 93}, {24, 53, 77}, {94, 102, 8},
{62, 22, 84}, {61, 30, 91}, {51, 56, 107}, {75, 41, 34}, {95, 10, 105}, {16, 92, 108}, {35, 114, 79},
{113, 74, 39}, {48, 55, 103}, {69, 76, 7}, {104, 59, 45}, {1, 28, 29}, {31, 89, 58}, {80, 20, 100},
{97, 14, 111}, {98, 25, 73}, {86, 32, 54}, {66, 17, 83}, {99, 47, 52}, {60, 110, 50}, {65, 23, 88},
{38, 43, 81}, {37, 64, 101}, {63, 5, 68}, {71, 44, 115}, {33, 49, 82}, {106, 21, 85}, {70, 112, 42},
{90, 109, 19}, {26, 46, 72}, {67, 11, 78}, {9, 87, 96}.
α = 232, a = 3, b = 1, {102, 54, 48}, {77, 42, 35}, {66, 16, 82}, {112, 45, 67},
{100, 37, 63}, {80, 41, 39}, {11, 107, 118}, {23, 49, 72}, {62, 22, 84}, {36, 59, 95}, {91, 83, 8},
{68, 13, 81}, {104, 47, 57}, {31, 86, 117}, {19, 74, 93}, {5, 98, 103}, {51, 65, 116}, {97, 14, 111},
{88, 58, 30}, {70, 90, 20}, {113, 87, 26}, {69, 52, 17}, {79, 27, 106}, {96, 53, 43}, {21, 25, 46},
{61, 24, 85}, {89, 10, 99}, {50, 28, 78}, {29, 44, 73}, {115, 40, 75}, {94, 56, 38}, {4, 110, 114},
{105, 34, 71}, {32, 92, 60}, {101, 108, 7}, {109, 76, 33}, {9, 55, 64}.
α = 238, a = 3, b = 1, {100, 47, 53}, {77, 34, 111}, {118, 39, 79}, {76, 30, 106},
{65, 23, 88}, {5, 69, 74}, {83, 22, 105}, {89, 121, 32}, {64, 33, 97}, {96, 38, 58}, {24, 61, 85},
{103, 10, 113}, {78, 8, 86}, {91, 56, 35}, {67, 27, 94}, {29, 110, 81}, {44, 57, 101}, {87, 71, 16},
{108, 82, 26}, {90, 40, 50}, {36, 48, 84}, {20, 60, 80}, {37, 109, 72}, {21, 31, 52}, {55, 114, 59},
{43, 116, 73}, {41, 92, 51}, {13, 107, 120}, {7, 68, 75}, {14, 49, 63}, {25, 70, 95}, {99, 45, 54},
{93, 102, 9}, {17, 11, 28}, {42, 62, 104}, {98, 117, 19}, {46, 112, 66}, {115, 4, 119}.
α = 244, a = 3, b = 2, {64, 41, 105}, {69, 10, 79}, {85, 113, 28}, {60, 102, 42},
{107, 31, 76}, {13, 74, 87}, {30, 65, 95}, {5, 17, 22}, {8, 110, 118}, {90, 83, 7}, {49, 50, 99},
{84, 46, 38}, {59, 35, 94}, {36, 97, 61}, {115, 72, 43}, {100, 20, 120}, {77, 106, 29},
{24, 47, 71}, {78, 52, 26}, {40, 68, 108}, {51, 53, 104}, {57, 66, 123}, {67, 44, 111},
{82, 109, 27}, {101, 117, 16}, {56, 88, 32}, {58, 103, 45}, {63, 86, 23}, {14, 34, 48},
{91, 25, 116}, {21, 75, 96}, {37, 92, 55}, {93, 19, 112}, {81, 114, 33}, {11, 62, 73}, {70, 54, 124},
{89, 9, 98}, {80, 119, 39}, {121, 122, 1}.
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α = 250, a = 3, b = 2, {54, 59, 113}, {77, 104, 27}, {125, 60, 65}, {69, 78, 9},
{14, 61, 75}, {39, 96, 57}, {20, 95, 115}, {31, 91, 122}, {50, 64, 114}, {89, 97, 8}, {47, 56, 103},
{53, 105, 52}, {41, 126, 85}, {72, 30, 102}, {44, 86, 42}, {10, 73, 83}, {112, 36, 76},
{70, 40, 110}, {80, 51, 29}, {67, 34, 101}, {107, 17, 124}, {106, 74, 32}, {116, 1, 117},
{82, 127, 45}, {24, 108, 84}, {93, 98, 5}, {119, 71, 48}, {25, 37, 62}, {66, 79, 13}, {16, 19, 35},
{94, 26, 120}, {55, 68, 123}, {92, 7, 99}, {118, 28, 90}, {38, 49, 87}, {63, 46, 109}, {58, 23, 81},
{121, 88, 33}, {21, 22, 43}, {11, 100, 111}.
α = 256, a = 3, b = 1, {102, 54, 48}, {69, 22, 91}, {90, 10, 100}, {123, 107, 16},
{49, 76, 125}, {80, 84, 4}, {95, 37, 58}, {20, 79, 99}, {77, 27, 104}, {112, 62, 50}, {117, 110, 7},
{78, 59, 19}, {45, 60, 105}, {68, 35, 103}, {109, 42, 67}, {94, 25, 119}, {70, 87, 17},
{26, 5, 31}, {64, 32, 96}, {51, 75, 126}, {106, 40, 66}, {130, 56, 74}, {43, 108, 65}, {120, 63, 57},
{121, 88, 33}, {47, 39, 86}, {23, 116, 93}, {114, 13, 127}, {92, 128, 36}, {24, 98, 122},
{71, 85, 14}, {111, 73, 38}, {52, 113, 61}, {55, 101, 46}, {28, 44, 72}, {81, 115, 34},
{82, 53, 29}, {118, 129, 11}, {124, 83, 41}, {9, 21, 30}, {89, 97, 8}
α = 262, a = 3, b = 1, {36, 58, 94}, {19, 103, 122}, {67, 121, 54}, {37, 91, 128},
{123, 59, 64}, {48, 71, 119}, {83, 90, 7}, {11, 32, 43}, {40, 61, 101}, {75, 124, 49}, {118, 13, 131},
{9, 80, 89}, {46, 108, 62}, {27, 102, 129}, {109, 57, 52}, {85, 110, 25}, {97, 47, 50},
{34, 10, 44}, {111, 29, 82}, {31, 53, 84}, {73, 60, 133}, {41, 76, 117}, {96, 45, 51}, {72, 105, 33},
{35, 79, 114}, {68, 107, 39}, {116, 30, 86}, {16, 65, 81}, {98, 17, 115}, {26, 126, 100},
{88, 24, 112}, {125, 5, 130}, {4, 70, 74}, {113, 93, 20}, {66, 104, 38}, {99, 28, 127},
{106, 14, 120}, {22, 56, 78}, {77, 132, 55}, {87, 8, 95}, {21, 42, 63}, {23, 69, 92}.
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